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Introduction

The concept of an inverse problem (IP) have gained widespread acceptance
in modern applied mathematics, although it is unlikely that any rigorous formal
definition of this concept exists. Most commonly, by IP is meant a problem of
determining various quantitative characteristics of a medium such as density,
sound speed, electric permittivity and conductivity, shape of a solid body by
observations over physical (e.g., sound, electromagnetic, heat, gravitational)
fields in the medium [3, 4, 26, 27, 30, 33, 42, 67, 72, 81, 101, 108, 116, 120,
124, 125]. The fields may be of natural appearance or specially induced, sta-
tionary or depending on time. An important and frequently addressed class of
IPs arises when it is required to determine some physical characteristics of a
bounded part of the medium while out of this part the characteristics are known.
To be more specific, let a homogeneous medium contain a bounded inhomo-
geneous inclusion with unknown characteristics that are beyond the reach of
immediate measurements; properties of the homogeneous background there-
with are given. It is required to determine characteristics of the inclusion using
results of measurements of physical fields in the composite medium formed by
the background and the inclusion. As this takes place, the measurements are
usually made in a region of observation located far from the inhomogeneity to
be recovered. As a rule, a formal mathematical model of IP under consider-
ation can be derived with relative ease. This is most often done with the use
of a suitable model of the field propagation phenomenon for inhomogeneous
media. In this context, the problem of determination of field values in a re-
gion of observation by given characteristics of the medium is called the direct
problem. In many instances, direct problems can be reduced to classical partial
differential equations of second order supplemented with necessary initial and
boundary conditions. Elliptic equations usually arise in mathematical models of
the gravitational field, stationary temperature fields and time—harmonic sound
fields, equations of parabolic type describe phenomena of heat conduction, hy-
perbolic equations govern propagation of nonstationary scalar wave fields, the
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system of Maxwell’s equations describes electromagnetic fields, etc. Since
properties of the homogeneous medium outside the inclusion are fixed, any
solution method for the direct problem naturally defines a mapping that takes
each set of admissible physical or geometric characteristics of the inclusion to
the field values on the region of observation. Therefore the process of solving
IP formally is equivalent to exact or approximate determination of a preimage
of given field values under this mapping. A significant feature of applied IPs is
that fields are typically measured approximately and hence true field values are
not in our disposal. We can hope only to get some estimates for the measured
physical values together with corresponding bounds of the measurement errors.
A strict formulation of an operator equation connected with IP involves as an
obligatory part a detailed description of functional spaces of feasible images
and admissible preimages of the problem’s operator. These spaces are often
called the observation space and the solution space respectively; they typically
arise to be infinite—dimensional Hilbert or Banach spaces. A fundamental fact
to regularization theory is that observation and solution spaces can’t be taken
quite arbitrarily. In practice, their choice is usually strictly determined by an
available technique of registering field characteristics and by qualitative re-
quirements on interpretations of the measurements. A solution to such operator
equation generally can’t be expressed in an explicit form so that the use of ap-
proximate methods of numerical analysis is the only way to get the solution or
its approximation. Unfortunately, equations associated with IPs usually don’t
satisfy the regularity condition, which is typical for construction and analysis of
classical solution methods for smooth operator equations. The regularity of an
equation with a differentiable operator means that the derivative of this operator
must have a continuous inverse or pseudo—inverse mapping. If this condition
is violated, then we say that the equation is irregular.

Systematic studies of irregular scalar equations and finite—dimensional sys-
tems of nonlinear equations were originated by Schroder’s work [129]. By
now, theory of numerical methods for nonlinear finite—dimensional systems
has accumulated a wide variety of results on solving irregular problems (see,
e.g., [47, 64, 69] and references therein). Certain of approaches developed
within the context of this theory were extended to abstract operator equations
in infinite—dimensional spaces. Most of current papers on solving finite irreg-
ular systems involve special conditions on a nonlinearity of an equation; we
point to the very popular condition of 2—regularity ([69]) and its modifications
and to various conditions on the Jacobian at the solution. Let us emphasize that
analogs of such conditions in the infinite—dimensional case require that ranges
of operators’ derivatives be closed subspaces of an observation space. Unfortu-
nately, attempts to apply the mentioned approaches to equations of typical IPs
have not met with success so far. The matter is likely that the conditions on
derivatives’ degeneration cited above are not characteristic for equations asso-
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ciated with IPs because operators of typical IPs have compact derivatives and
hence ranges of the derivatives generally are not closed. This means that such
equations are ill-posed problems. Therefore one would expect that the use of
ideas and technique of regularization theory will have a favorable effect on the
problem of constructing numerical methods for irregular equations and IPs.

It seems likely that an immediate application of regularization theory to
constructing effective iterative methods for nonlinear irregular equations was
successful so far only when applied to equations with operators monotone in
the sense of duality. Specifically, in [17, 82] the authors developed the iter-
ative regularization principle for constructing and studying iterative methods
applicable to irregular monotone operator equations and variational inequali-
ties. The technique proposed here allows to modify classical iterative schemes
and transform them in a uniform style into stable methods for solving irregular
monotone equations and inequalities. In application to ill-posed convex opti-
mization problems, the iterative regularization principle has been developed in
[145].

Further development of regularization theory inspires a permanent interest
to studies of regularizing properties of classical iterative processes such as
gradient iteration, conjugate gradient methods, Newton—type methods, etc. It
is well known that in application to regular operator equations, these methods
possess stability with respect to errors of input data. Moreover, some of the
methods demonstrate very rapid convergence in the regular case. When applied
to linear ill-posed equations, regularizing properties of gradient type methods
and conjugate gradient processes were extensively studied in [42, 45, 110]. In
the event that the equation is nonlinear with a differentiable operator, it has been
possible to obtain similar results only by imposing very restrictive structural
conditions on the operator’s nonlinearity near a solution [36, 53, 54, 73, 74, 76,
118, 126-128]. The current stage of researches in this direction is presented
in detail in [42]. It should be pointed out that the mentioned conditions can
be effectively verified only in several special cases, while their fulfillment for
wide classes of practical IPs is highly conjectual. The authors of [56, 57,
63] underline the conjectual character of related conditions in application to
irregular equations associated with inverse problems of potential theory and
inverse scattering problems.

An approach to the iterative solution of irregular operator equations, which
we follow in this book, differs essentially from the lines of inquiry mentioned
above. We abandon of any a priori structural conditions on an equation except
for standard smoothness assumptions; instead, we enter into the structure of
iterative methods an additional parameter (an element of the solution space) in
order to enhance capabilities of controlling over iterations. Formally speaking,
the controlling element can be taken arbitrarily from the solution space but con-
vergence of the methods is guaranteed only if this element lies in an appropriate
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admissible subset of the solution space. The subset is given in an explicit form
in terms of a derivative of the operator at the solution. If the controlling element
is chosen from the admissible subset, then for the proposed iterative methods,
along with the convergence, we obtain rate of convergence estimates. In the
general case where this element not necessarily lies in its admissible subset, we
establish stability of the methods with respect to small deviations of the con-
trolling element from the subset. These results resemble well-known theorems
on local convergence of classical iterative processes for solving smooth regular
equations. Taking, for instance, the standard gradient method in application to
a nonlinear equation with a continuously invertible operator, we observe that
the convergence is guaranteed if an initial approximation lies in a small neigh-
borhood of a solution. Here the starting point can be considered as an analog
of the controlling parameter, and a small ball centered at the solution serves as
an analog of the admissible subset of controlling parameters in our methods.
The same is true for the Gauss—Newton and Newton—Kantorovich methods.

Let us give a short introduction to the contents of this book.

In Chapter 1 we collect for easy reference several basic results concerning
linear and nonlinear operators in Hilbert and Banach spaces. We also give an
elementary introduction into theory of ill-posed problems and discuss interre-
lations between this theory and the approach to irregular problems, which we
develop in the book.

Chapter 2 contains necessary material on parametric families of approximat-
ing operators and related regularization algorithms for linear ill-posed equations
in Hilbert and Banach spaces. Much attention is given to varied kinds of rate
of convergence estimates for approximating operator families and to necessary
and sufficient conditions for such estimates.

In Chapter 3 we address to the problem of a linearization of nonlinear ir-
regular equations with smooth operators. The irregular character of equations
implies that solutions of formally linearized problems if exist, can’t approximate
solutions of the original equations with acceptable accuracy. Using parametric
approximations of solutions to linear ill-posed equations, we propose several
parametric approximation schemes applicable to nonlinear irregular equations
without any restrictions on their structure. Then we study the obtained paramet-
ric schemes and derive error estimates for approximations generated by them.
When applied to nonlinear IPs, the technique of parametric approximations al-
lows to construct in a uniform style well-defined approximations to solutions
of these problems and to get corresponding error estimates.

Chapters 4 and 5 hold a central position in the book. In Chapter 4, the para-
metric approximations technique of Chapter 3 is used for constructing modifica-
tions of classical Gauss—Newton and Newton—Kantorovich methods in Hilbert
and Banach spaces. Generalized Gauss—Newton type and Newton—Kantorovich
type methods derived in this chapter generate stable approximations of solu-
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tions to nonlinear irregular equations with arbitrary differentiable operators.
We establish rate of convergence estimates of the proposed iterative processes
and analyze in detail conditions necessary and sufficient for these estimates.

In Chapter 5 we construct and study iterative processes possessing stability
with respect to a choice of starting points in a neighborhood of a solution
and to small variations of input data. In particular, for the gradient process
we propose a series of modifications applicable to smooth irregular equations
without any structural conditions on the operator. Here, the stability of the
processes means that iterative points generated by them are attracted to a small
neighborhood of the solution, as an iteration number increases. The processes
of Chapter 4 don’t possess this property, so to get an acceptable approximation
to a solution in the case of noisy input data, we have to endow those processes
with suitable stopping rules. Stable iterative processes can also be derived on
the basis of parametric approximations; necessary technique is developed in
Chapter 5, as well. Along with iterative methods, in Chapters 4 and 5 we
analyze several continuous approximation procedures as their formal limiting
analogs. Within the framework of these procedures, a solution of an irregular
equation is approximated by a trajectory of an operator differential equation
or a dynamical system naturally connected with the original equation. Two
types of continuous methods are considered; methods of the first type are based
on stopping of the trajectories at an appropriate point, the others possess the
property of Lyapounov’s stability and generate trajectories attracting to a small
neighborhood of the solution.

Chapter 6 is devoted to numerical implementation of selected iterative pro-
cesses from those derived in the previous chapters. We present results of compu-
tational experiments with inverse problems of gravimetry and inverse acoustic
problems in various settings. The presented results allow the reader to make
own impression concerning practical effectiveness of computational schemes
developed in the book.

We included into the main text only references to papers closely connected
with the discussed material. For additional information on the topics presented
here the reader should consult the literature cited in Notes (Chapter 7). The notes
contain some references to further developments and to alternative approaches
in contemporary studies of IPs and irregular operator equations.

Each chapter of the book is divided into sections. Numbers of theorems,
lemmas, conditions, remarks, examples, definitions and figures are consecutive
in each chapter and indicate, in addition, the chapter number. References to
sections include the chapter number. Numbering of formulae is consecutive and
independent in each section. References to a formula from outside a section
or a chapter where the formula is situated consist of two or three numbers and
indicate the section number or the chapter and the section numbers. Constants
are numerated consecutively and independently in each section.



Chapter 1

IRREGULAR OPERATOR EQUATIONS
AS ILL-POSED PROBLEMS

The aim of this chapter is to introduce necessary mathematical background
for the succeeding exposition. For the reader’s convenience, in Section 1.1 we
collect frequently used facts concerning theory of linear operators and non-
linear analysis. In Section 1.2 we sketch the basics of contemporary theory
of ill-posed problems. We recall fundamental notions of this theory such as
regularization algorithm and regularization parameter. We also discuss interre-
lations between these notions and main ideas of the book.

1.1 Preliminaries

In this section we give a brief overview of notions and results frequently used
in the book. We only cite definitions and main statements that we shall need in
next chapters. Most of the statements are standard and their proofs as well as
deeper analysis are available, e.g., in [38—40, 58, 65, 123]. We take for granted
that the reader is familiar with definitions and basic properties of Hilbert and
Banach spaces, and operators in these spaces.

By || - || x we denote a norm of a Hilbert or Banach space X . If X is a Hilbert
space , then we have

lzl% = (z,2)x, z€X,

where (-, -) x stands for the inner product of X. As a rule, throughout the book
we deal with real Hilbert and Banach spaces but addressing to results of spectral
theory of linear operators, without special indication we suppose these spaces
to be complexified in the usual way.

Suppose X1 and X are Banach spaces; then by L(X;, X2) we denote the
space of all linear bounded operators A: X; — X5 with the norm

Al L x2) = sup{l Azl x, = [l2flx, <13
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It is well known that L(X;, X2) is a Banach space. For short sake, we set
L(X) = L(X,X). The subsets

N(A) ={r e X1: Az =0}, R(A)={yeXo:y=Ax,xe X1}

are called the null space and the range of an operator A € L(X;, X>) re-
spectively. Each operator with a finite—dimensional range is called finite—
dimensional. Below, o(A) and p(A) = C\o(A) are the spectrum and the
resolvent subset of an operator A € L(X);

RMA) =(ME— AL Xep(A)

is the resolvent operator for A; E stands for the identity mapping; C, R, Z, N
are the sets of complex, real, integer, and natural numbers. Throughout, [x] and
{z} = x — [z] are the integer and fractional part of a real number z. By intG
we denote the interior of a subset G C X, G is the closure of G in the sense of
the norm |- || x. Let Q,(x) denote the ball {y € X : ||y —z||x < r} centered at
r € X and of radius r. Also,letQ%(z) = {y € X : |ly—z||x < r}. Theimage
of a ball Q,-(0) under an affine mapping F'(x) = Az — b (A € L(X),b € X)
is called an ellipsoid.

An open connected subset of R is said to be a domain . A domain D is said
to be star—shaped with respect to a point 7’ € D if the intersection of any ray
originated at r° with D is an interval.

Let X, X;, X5 be Hilbert spaces, A € L(X;, X2), and A* € L(X29, X))
the operator adjoint of A. An operator A € L(X) is called selfadjoint if
A* = A. The spectrum of a selfadjoint operator lies on the real axis of C.
If A € L(X) is a selfadjoint operator and (Az,z)x > 0 Vz € X, then we
say that A is nonnegative and write A > 0. An important class of selfadjoint
nonnegative operators in a Hilbert space is formed by orthoprojectors. An
operator P € L(X) is called an orthoprojector if P* = P and P> = P. For
each orthoprojector P, the range R(P) = M is a closed subspace of X, and
we have || P||x) = 1 whenever P # O, the null operator. Moreover,

(x — Pz,y)x =0 Yye M.

We say that P is an orthoprojector onto M and write P = P.

Now let X be a Banach space. An operator P € L(X) is called a projector
(in general, nonorthogonal) onto the subspace M = R(P) if P> = P. The
subspace M is closed, and for each projector P, ||P|[1(x) > 1. Let Q be a
subset of X; then, by definition,z + Q = {zx +y:y € Q}, x € X.

We shall use some definitions and facts connected with calculi of linear
bounded operators in Hilbert and Banach spaces. Let X be a Hilbert space and
A € L(X) a selfadjoint operator with o(A) C [My, M;], then we have the
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spectral decomposition:

My 0o
A= / )\dEA:/AdEA.
Mp—0 —00

Here { Ex} xe(—oo,00) 18 the family of spectral projectors of A. The projector—
valued function A — Fy is continuous in X from the right so that in the sense of
strong convergence, Ey o = E). Also, recall that E\E, = E\ when A < p,
and

. O, X<inf{(Az,x)x :|z|x =1},
A =
E, X\ Z>sup{(Az,7)x : [|z]x = 1}.

Gap points of the function A\ — FE) correspond to eigenvalues of A. Namely, if
E) # E)_gthen ) is an eigenvalue of A, and F\ — F)_g is the orthoprojector
onto a proper subspace of \.

Let a function ¢ : (—00,00) — C be measurable, bounded, and finite
almost everywhere (a.e.) with respect to the spectral family {E)}, that is,
with respect to all Lebesgue—Stieltjes measures associated with the functions
A — || Exz|%, where z ranges over X . Then the function ¢ (A) of a selfadjoint
operator A € L(X) is defined as follows:

My My
A) = T = x
o) MO/_O PN, o(4) MO/_0 b,
x € D(p(A)).
Moreover,

My

le@ali = [ leOPdIBl}. s eDe). @
My—0

Each Borel measurable function satisfies all the above-listed conditions on
©(A). The spectral projectors E,, € (—00,00) are also functions of A:

E, =e,(A), where
L A<up,
en(A) = {0 A\
) > .
The operator ¢(A) is bounded iff

esssup [p(N)| < oo.
{Ex}
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Here esssup is taken over the family of all Lebesgue—Stieltjes measures asso-
ciated with the functions A — ||Exz|/%, 2 € X. In more detail,

esssup |@(N\)| = inf ¢
{Ex}

over all constants ¢ such that |p(A)| < c is fulfilled a.e. on R with respect to
measures generated by all the functions A — ||Exz|/%,z € X. Therefore,

esssup [p(A)] < sup [@(A)].
{Ex} Ao (A)

According to the spectral radius formula,

lo(A)llLx) = esssup [p(A)]. (3)

Ex
In particular, for the resolvent R(\, A) of a selfadjoint operator A € L(X) in
a Hilbert space X we have the estimate

[R(A, A)llLx) VA € p(A).

1
< _
~ dist(A, 0(A4))
In general, the operator ¢ (A) is unbounded, but if the right part of (3) is finite
and () is a real-valued function, then ¢(A) again is a bounded selfadjoint
operator. If esssup in (3) is infinite, then ¢ (A) is unbounded with the domain
of definition

My
D(p(A)) = {x €X: / (W] Bxe |k < 00}7 (4)
Mp—0

where D(¢(A)) = X. Representations (2) and (4) remain valid if ¢(\) is not
a.e. finite with respect to the family { F }; in this case the lineal D(p(A)) is
not dense in X . Further, let functions ¢(\), 1(\) be measurable, bounded, and
defined a.e. with respect to the spectral family { £')}. Suppose that

ess sup(|p(A)] + [ (A)]) < oo

{EN}

Then operators ¢(A), 9 (A) € L(X) commute, and
P(A)(A) = ¥(A)p(A) = (¢ ¥)(A). ()

Let a real-valued function ¢(\) be measurable, bounded, and finite a.e. with
respect to the spectral family { £\ } of a selfadjoint operator A € L(X), and a
real or complex—valued function ¢)(\) be measurable and finite a.e. with respect
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to the spectral family {F),} of the operator B = ¢(A). Then the composite
function w(\) = ¥ (p(A)) is also measurable and finite a.e. with respect to
{E\}, and w(A) = ¢(¢(A)). The above assertions can be naturally extended
to unbounded selfadjoint operators [123].

We now address to the operator calculus in a Banach space X . Functions of an
operator A € L(X) inaBanach space are usually defined by the Riesz—Dunford
integral formula. Suppose a function ¢(\) is analytic on a domain containing
the spectrum o (A), and a contour I" lies in this domain and surrounds o (A).
Then ¢(A) is defined by the Riesz—Dunford formula

1
o) = 5 [ PVROL A)ar (©
r

where the integral is meant in the sense of Bochner. We obviously have p(A) €
L(X). Here and in the subsequent exposition, all contours in C are supposed to
be positively oriented, that is, oriented counterclockwise. If A € L(X) and the
functions ¢(\) and () are analytic on a domain containing o (A), then the
operators ¢(A) and ¥ (A) satisfy equality (5). Besides, the spectral mapping
theorem asserts that

a(p(A)) = p(0(A) ={z € C: 2= p(A), A€ a(4)}.

For a selfadjoint operator A € L(X) in a Hilbert space X and an analytic
function (), the definitions (1) and (6) are equivalent.

Let us turn to theory of fractional powers of linear operators in a Banach
space X. Since the function p(\) = AP,p ¢ N U {0} is not analytic on a
neighborhood of A = 0, we can’t define the function p(A) = AP, p ¢ NU{0}
of an operator A € L(X) with 0 € 0(A) immediately by formula (6). Recall
that for each p € N, the power A? is defined as A? = A--- A (p times). The
following condition is needed if we are to define AP for an arbitrary exponent
p > 0.

Condition 1.1. There exist py € (0,7) and roy > 0 such that
o(A) C K(o),

@)
K(po) = {N €C\{0}: |argA| < ¢} U {0}
and the estimate is valid:
r
IR, A)llzcx) < ﬁ YA € C\K(go). (8)

Condition 1.1 and its variants are often called sectorial conditions. Let us
now highlight several classes of operators A € L(X) satisfying Condition 1.1.



6 Irregular Equations as Ill-Posed Problems

Example 1.1. 1) Selfadjoint nonnegative operators A* = A > 0 in a Hilbert
space X . Condition 1.1 is satisfied with an arbitrary g € (0, 7).
2) Accretive operators in a complex Hilbert space, i.e., operators A € L(X)
satisfying
Re(Az,z)x >0 Vze X.

Here ¢ can be taken arbitrarily from (7/2, 7).

3) Spectral operators of scalar type such that 0(A) C K (o),v0 € (0, )
([40]). The value g can be taken arbitrarily from (1), 7).

4) Operators satisfying the condition

[R(—t, A)llLx) < vt > 0.

C1
t
In 3) and 4), X is an arbitrary Banach space.

Suppose p € (0, 1), and operator A satisfies Condition 1.1; then A? is defined
as follows ([24, 97]):

Ap = S0P / - (tE + A) Adt. )
0

It follows from (8) that the integral in (9) exists in the sense of Bochner, and
(9) defines an operator A? € L(X). For arbitrary p > 1, p ¢ N, with m = [p]
we set

AP = AT APTT = APTTV LA™

Thus the linear bounded operator A” is well defined for each p > 0.

Given an operator A € L(X) satisfying Condition 1.1, consider the regular-
ized operator A, = A + cFE. Itis readily seen that for each ¢ > 0, the power
AP can be defined by the integral formula (6) for all p > 0. It is sufficient to
put I' = T'., where the contour I'; surrounds o(A;) = {A+e: A € 0(A)}
but doesn’t contain the point A = 0 inside. Let us recall the following useful
results (see [28, 97]).

Lemma 1.1. Suppose X is a Banach space and an operator A € L(X)
satisfies Condition 1.1. Then for each p € (0, 1),

HA?; — APHL(X) < Cz€p Ve > 0, (10)

where ca = ca(p,T0).

Lemma 1.2. Let X be a Banach space. Suppose A\ € p(A) and A,B €
L(X).
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1) Assume that | BR(\, A)| ,(x) < 1. Then \ € p(A + B) and

R\, A+ B) = R()\,A)i(BR()\,A))k. (11)
k=0
2) Let ||[R(A, A)B||(x) < 1. Then X € p(A + B) and
R\ A+ B) = i(R(A, A)B)*R(), A). (12)
k=0

The series in (11) and (12) converge in the norm of L(X).

Let us now turn to necessary facts of nonlinear analysis. Let X, Y be Banach
spaces, F' : D(F') C X — Y anonlinear operator, and D(F') an open subset
of X. The operator F' is said to be Fréchet differentiable at the point x € D(F')

if there exists a linear operator F'(z) € L(X,Y’) such that
F(x+h)—F(zx) = F'(z)h+w(z,h), z+heDF),
where
et M)l _
Inlix—0  [kllx

The operator F'(z) is called the Fréchet derivative of F at .
Suppose x € D(F') and h € X. If the Gateaux differential

1
F(z,h) = }il’l(l) ;(F(x +th) — F(z))
is linear in h, that is, there exists Fy (z) € L(X,Y") such that

DF(z,h) = F)(x)h Vhe X,

then F' is said to be Gateaux differentiable at x and F' é () is called the Gateaux
derivative of the operator F’ at the point x. Each Fréchet differentiable operator
F: X — Y is also Gateaux differentiable, and F;(x) = F'(x). Further, if the
Gateaux derivative F, g’(:z:) exists for all z from a neighborhood of x(, and the
mapping  — F,(z) is continuous from X into L(X,Y") at z = z, then F'is
Fréchet differentiable at .

Fréchet and Gateaux derivatives F(™) and F;m) of order m > 2 can be
defined inductively as corresponding derivatives of the mappings F(m=1) and
Fg(m_l) respectively.

If the mapping z — F'(2)h (h € X) is continuous from the segment
{x+0h:0€[0,1]} C X into Y, then the integral mean value theorem gives

1
F(z+h) /F’ T + th)hdt. (13)
0
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Hereafter, we shall frequently use the following statement.

Lemma 1.3. Let operator F : D(F') C X — Y be Fréchet differentiable on
a convex subset () C D(F), and the derivative F'(x) be Lipschitz continuous
on Q) ie.,

IF (2) = F'W)llexyy < Lz —yllx Yo,y € Q.

Then

1F(z) = Fy) = F'(y)(x = y)lly < %LH»T —ylk VryeQ.  (14)

In the case where Y = R, an operator F' = J : D(J) C X — Y iscalled a
functional on X. The Fréchet or Gateaux derivative J'(x) of the functional J
at z € D(J) is an element of the dual space X* = L(X,R). If X is a Hilbert
space, it is convenient to identify J'(z) € X* with the element j(z) € X such
that

J'(x)h = (j(z),h)x Vhe X.

By the Riesz representation theorem, the element j () is uniquely determined.
In particular, J’(z) € X is called the Fréchet derivative of the functional .J at
the point z if

J(x+h)=J(x)+ (J(z),h)x +w(z,h); x+he D),

where
Inlx—0 [Ihllx

We shall also use properties of the metric projection of a point onto a subset
of a Hilbert space. Let D be a closed convex subset of a Hilbert space X. Then
there exists a unique point z € D such that

[l = 2]l x = min{|lz —yl[x : y € D}.

We call z the projection of z onto D and write z = Pp(x). Forasubset Q C X
and a point x € X, we denote

dist(z, Q) = inf{||z — y||x : y € Q}.
If D is a closed convex subset of X, then

dist(z, D) = ||z — Pp()||x-
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In addition, we have the following inequalities:
(aj*PD(x)vy*PD(l‘))XSO Ve e X vyeDa (15)

I1Pp (1) — Pp(e2)llx < [lon — 22llx Vi, 22 € X. (16)

The notions of convex and strongly convex functionals play an important
role in theory of nonlinear optimization problems. Let X be a Banach space. A
functional J : D(J) C X — Riscalled convex on a convex subset Q C D(.J)
if

Jar+(1—-a)y) <aJ(x)+(1—-a)J(y) Vr,ye @ Vac]|0,1].
If there exists a constant x > 0 such that
J(az + (1 - a)y) < aJ(z) + (1 - a)J(y) — a(l - a)slle - yl%
Vz,y e Q@ VYae€|0,1],

then the functional J is said to be strongly convex on () with the constant of
strong convexity . Suppose a functional J(z) is differentiable on a convex
subset @ of a Hilbert space X, and the derivative J'(x) € X is continuous in
x € Q. For the functional J(z) to be strongly convex on () with a constant
K > 0 it is necessary and sufficient to have

(J'(z) = J'(y),x —y)x > 26llz —ylx Vz,y€Q. (17)
Furthermore, (17) is equivalent to the inequality
J(x) > J(y) + (J' (), z —y)x +rlz —ylk Yo,y e Q. (18)

Conditions (17) and (18) with x = 0 are necessary and sufficient for the func-
tional J(x) to be convex on Q.
Let us consider an optimization problem

;réig J(x), (19)

where () is a closed convex subset of a Hilbert space X. Let ), be the solution
set of (19):

Q. = {3:* €Q:Jx") = mlIgng(CC)}

Suppose the functional J(x) is continuous and strongly convex on @; then
Q. = {z*} is a singleton and

wlle — 2% < J(x) — J(2*) VzeQ.

If J(z) is a continuous convex functional, then ) is a convex closed (possibly
empty) subset of Q.
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1.2  Irregular Equations and Contemporary Theory of
I1I-Posed Problems

From the formal point of view, our approach to constructing iterative meth-
ods for irregular equations need not be connected with regularization theory.
Nevertheless this approach undoubtedly owes its origin to the progress in con-
temporary theory of ill-posed problems. In the present section we recall some
basic concepts of this theory and discuss their interrelations with the conse-
quent material. We are not aimed at giving a full and rigorous description of
basic results of the theory and refer for a detailed presentation to textbooks and
monographs on this subject ([17, 42, 48, 49, 52, 59, 68, 78, 106, 107, 133, 137,
139, 145, 146]).

Consider an equation

F(z) =0, zeX, (1)

where F' : X; — Xy is a nonlinear operator acting in a pair of Hilbert or
Banach spaces (X1, X2). It is sometimes useful to study along with (1) the

minimization problem
1

. 2
min S[|F()lX,- (2)
The problems (1) and (2) are not equivalent; each solution of (1) is evidently a
global minimizer of the problem (2) while a solution to (2) do not necessarily
satisfy (1). Throughout the book we usually suppose a solution to (2) also
satisfies equation (1) but in several cases it is more convenient to deal with the
optimization problem (2) rather than with (1).

In short, the ill-posedness of the problems (1), (2) means that analyzing
problems close in some sense to (1) and (2), we can’t guarantee that solutions
to these perturbed problems are close to corresponding solutions of the original
ones. Moreover, solutions to the perturbations of ill-posed problems do not
necessarily exist at least in the original space X;. The aforesaid assumes clear
definitions of feasible perturbations of the original problems as well as detailed
descriptions of the spaces X; and X». As an example, let us consider (1) and
(2) with the affine operator F'(x) = Az — b, where A € L(X1, X2),b € Xo.
If operators A and A*A are not continuously invertible, then the problems
(1) and (2) are ill-posed relative to the natural class of perturbations F (x) =
Az — b. On the other hand, in computational mathematics it is the practice to
call irregular each linear equation Az = b for which A=! or (A*A)~!isnota
continuous operator. Therefore in the case under consideration, the irregularity
of equation (1) or variational problem (2) and their ill-posedness are in effect
the same things. In the nonlinear case, at least for smooth operators F'(x), the
situation is similar. Let us clarify this in a few words. Nonlinear problems
(1) and (2) are typically called irregular if the derivative F”(z) or the product
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F"™(2)F'(z) is not continuously invertible for z from a neighborhood of the
solution x*. Throughout this book we shall understand the (ir)regularity of (1)
and (2) according to the following refined definition.

Definition 1.1. An equation (1) or a variational problem (2) with a Fréchet
differentiable operator F(x) is called regular if there exists an open neighbor-
hood ) of the solution x* such that the derivative F'(z) : X1 — X9,z € Q
has a bounded inverse operator F'(x)~" defined on the all of X», or the prod-
uct F™*(z)F'(z) : X1 — X1,2 € Q has a bounded inverse (F"*(x)F'(x))~!
defined on X1. Otherwise the problems (1) and (2) are called irregular.

Suppose (1) and (2) are irregular in this sense, and a point g € X7 is chosen
sufficiently close to the solution x*. Let us consider for the original problem a
linearization, which in case of (1) has the form

F(x0) + F'(zo)(x —x9) =0, z€ Xy, (3)
and for (2) looks as
1 9
min S[lF (o) + F' (o) (2 — x0)|%,- (4)

Observe that the affine operator F'(xq) + F”(x¢)(z — o) in (3) and (4) is close
to F'(x) uniformly in x from a small neighborhood of z*. Since in the irregular
case operators F'(xg) and F™*(xo) F’(z¢) need not be continuously invertible,
the linearized problems (3) or (4) may have no solutions. Further, even if these
solutions exist they can differ significantly from the solution z* of the original
problem (1) or (2). Therefore the problems (1) and (2) are ill-posed on the
pare of spaces (X1, X2) with respect to pointwise perturbations of F'(x). So
we may hope that the ideology and technique of regularization theory will be
useful for constructing solution methods for these problems. The concept of a
regularization algorithm holds a central position in regularization theory. Below
we shall provide a schematic description of this notion; for detailed discussions
we refer to [17, 42, 68, 106, 133, 137, 139, 146].

Let us immerse an individual operator F'(x) into a space § supplied with a
metric p. For instance, in the case of an affine operator F'(x) = Az — b we
can define § as the space of all operators F (x) = Az — b with b € X, having
the same A € L(X;,X5). It is natural to define the metric on § as follows:
p(F,F) = |[b—b| x,. Further, given a nonlinear problem (1) or (2) with an
operator F' € §, by G we denote the mapping that takes each Fej3toa
solution of the perturbed problem

F(z)=0, z€X,
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or the problem

. 1, ~ 2
min 2 [[F@),.
Since these problems are not necessarily uniquely solvable, G is in general a
set—valued mapping defined on a subset of §. To simplify considerations, it is
convenient to fix some single—valued selector of G and to denote by G just the
selector chosen. For this reason, in the sequel we can restrict ourselves with
single—valued operators GG and formally identify the problems (1) and (2) with
the problem of finding G(F').

Definition 1.2. The problem (1) or (2) or, equivalently, the problem of
evaluating an element x* = G(F') is called ill-posed on the class § with
respect to the pare of spaces (X1, X2), if at least one of the following conditions
is violated:

1) the domain of definition D(G) of the mapping G is the all of §;

2) the mapping G : § — X is continuous in the sense of the metric p and
the norm || - || x,.

The original problem is called well-posed on § with respect to (X1, X2) if
both conditions 1) and 2) are satisfied.

The fact that the definition involves a reference to the pare (X1, X3) is of
fundamental importance for regularization theory because a suitable change of
this pare can transform an ill-posed problem into a well-posed one, and vice
versa. Let us recall in this connection that solution and observation spaces of
applied inverse problems (in our notation, the spaces X; and X5) are primarily
determined by available measuring technique and by requirements on inter-
pretation of experimental data. Hence in our context it is natural to consider
(X1, X2) as a fixed pare of Hilbert or Banach spaces.

Definition 1.3. A family of mappings
9%,1(,,5)(-) : 3' - Xl, (5 Z 0

is called a regularization algorithm for the original problem (1) or (2) if for
each operator F' € D(QG) the following condition is satisfied:

lim sup (R, 7 5 (F) = G(F)|x, = 0. (5)
FeF
p(F,F)<§

Neither the equality D(G) = § nor continuity of the mapping G : D(G) —
X is assumed here so that the problem of evaluating G(F) is ill-posed. In (5),
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the value @ = a(F,8) > 0 is called the regularization parameter. Let F(x)
be an available approximation to the true input operator F'(z). Also, suppose
p(ﬁ ,F) < 4, where 6 > 0 is an error level of input data. It follows from (5)
that the element R 5 5)(ﬁ), obtained by the input data F'(z) and the error

level 0, can be taken as an adequate approximation to the solution z* = G(F).
In practice, regularization algorithms are frequently created according to the
following general scheme. First, a family of continuous mappings

Rao: 5 — X4, ae(O,ao]
is constructed such that

lim [Ro(F) = G(F)|x, =0 VE € D(G). (6)

Equality (6) means that the family of continuous operators {R, } oe (0,a0) defined
of the all of § approximates the discontinuous mapping G on D(G) as o — 0.
Next, a function o = a(f ,0) is sought in order to ensure the equality (5). The
fundamental Vinokourov’s theorem ([17]) establishes existence of this sort of
coordination between «, F, and §. Let us remark that in many instances the
regularization parameter can be chosen as a function of the error level § but not
of the approximate operator F'(z) so that a(F, §) = () ([17]).

Practical implementation of the outlined abstract scheme meets a number
of theoretical and computational difficulties. By time, satisfactory means of
tackling these difficulties are known only in the case where X7, X5 are Hilbert
spaces, operator F'(x) is affine, and the class § consists of affine operators only.

In past several decades, it has been possible to proceed considerably towards
constructing implementable regularization algorithms R, s)(F) in the case of
monotone operators F'(x) [17, 82]. On the contrary, in the case where F'(x)
is a smooth operator of general form, for approximation of G(F') only abstract
schemes converging in the weak sense were derived so far. By now, the classical
Tikhonov’s scheme [17, 42, 106, 137, 139] remains the sole universal approach
to constructing such approximation methods when applied to equations with
general smooth operators. In past years, theoretical aspects of Tikhonov’s
method have been studied in detail both in the case of linear equations and
in general nonlinear situation. Nevertheless it is unlikely that any effectively
implementable regularization algorithms for general nonlinear equations can
be derived immediately from Tikhonov’s scheme. Indeed, according to this
scheme, the approximating element R, (15) for a solution of (1) or (2) is
defined as a global minimizer or e-minimizer to the Tikhonov functional of the
form

~ 1, ~ 1
Tain (@) = 3IF @, + 500 — €%, veXi (e X).
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The functional \Tla((;) (z) is to be minimized on the all of the solution space
X1 or, in numerically implementable versions of Tikhonov’s method, on an
appropriate finite—-dimensional subspace of X;. In essence, the last problem is
equivalent to the problem of finding a global minimizer of an arbitrary smooth
function of several variables. Therefore in its general form, the problem of
minimization (Ivla((g) (x) is unlikely to be effectively solvable with the present—
day computational technique.

In the book we propose the following program of tackling these difficulties.

1) For construction of approximating families {QR }e(0,a,) in the case of
nonlinear irregular problems (1) and (2) we intend to use iterative procedures.
More precisely, let the regularization parameter « take discrete values @ =
1,1/2,...1/n,.... We set

Ry (F) = iRy (F),  FES, (7)

where [,, stands for an operator of the iteration. Apart from the iteration number,
I,, may depend on its own inner parameters. If possible, I, should be com-
parable in complexity with operators of classical iterative methods for regular
equations.

2) So far, it has been possible to guarantee the equality (5) over sufficiently
wide spaces § only for special classes of operators F'(z), namely, for affine and
monotone operators in a Hilbert space. Even when dealing with linear equations
(1) in a Banach space we need to narrow down the space of feasible exact and
approximate operators in one way or another [17]. We shall be able to treat
maximally wide class of smooth nonlinear operators F'(x) if we relax condition
(6), which requires that the elements R /,, (F') must approximate G'(F") for each
operator F' € D(G) as n — oo.

3) For the iterative approximating families {R,}, o =1,1/2,...,1/n,...
that we propose in the book, the equality (6) is valid not for all F' € D(G) but
merely for F' € D(G) satisfying appropriate additional conditions in terms of
inner parameters of I,, and the element G(F'). Let z* = G(F') be a solution to
(1) or (2). The mentioned additional conditions lie in the fact that an element
¢ € Xj, which enters into the composition of I,, = I,,(£) as a controlling
parameter, must belong to an explicitly given admissible subset M(x*). We
shall see below that the subset M[(x*) of admissible elements & can be taken as
an ellipsoid centered at the solution z* with upper restrictions on the diameter of
M(z*), or as a finite—dimensional affine subspace containing z*. If necessary,
these restrictions are amplified by conditions on the derivative F’(x*) at the
solution like Condition 1.1. Let us emphasize that the admissible subset M (x*)
is not a singleton whenever F”(2*) # O. The last condition is satisfied for
typical infinite—dimensional operator equations.

4) One may consider the condition ¢ € M(z*) as an a priori assumption
concerning the problem, however this assumption essentially differs from the
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above—mentioned conditions on a nonlinearity of F'(x) near a solution ([42]).
Our condition amounts to assumptions on available information about the unknown
solution z* and doesn’t pose any restrictions on the structure of the original operator
F(z) near z*. Turning to the classical special case of regular operators F'(x),
it is not difficult to find out that our condition is analogous to the assumption
that an initial approximation in traditional iterative methods must be chosen
from a small ball centered at a solution ([34, 77, 94, 145]). Assumptions of this
kind are typical for convergence theorems of classical iterative processes in the
regular situation. Our convergence theorems differ from their classical analogs
by the fact that in the irregular case, in addition to the standard condition that a
starting point must lie in a small ball centered at z*, we assume that £ € M(z*),
where Ml(z*) typically has an empty interior unlike a ball. This drawback is
partially compensated by stability of proposed iterative methods with respect
to deviations of ¢ from the admissible subset M(z*) in the following sense.

Suppose I,, = I,,(£), where
dist(&, M(z*)) < A;

then for the iterative process (7) there exists a stopping rule N = N (4, A) such
that

lim — sup ||Ryna)(F) — G(EF)|x, =0. (8)
YA S Feg
p(F,F)<5

Moreover, it is possible to derive qualified estimates for the approximation error

198 /x(5.0) (F) = G(F)lIx,

in terms of the error levels § and A.



Chapter 2

REGULARIZATION METHODS
FOR LINEAR EQUATIONS

Linear equations of the first kind, that is, equations Az = f involving com-
pact operators A € L(X;, X2) in Hilbert or Banach spaces X, Xo are typi-
cal linear ill-posed problems. In this chapter, our aim is to present a unified
approach to construction of approximating families {fR,} and regularization
algorithms for such problems in the irregular case when A is not necessarily
a compact operator but continuous invertibility of A is not guaranteed. The
irregular equation Az = f can be considered as an abstract model for a linear
ill-posed inverse problem. In Section 2.1 we present a technique of constructing
affine approximating families and regularization algorithms for linear ill-posed
operator equations in a Hilbert space with approximate input data (A, f). Spe-
cial emphasis is placed on sufficient and necessary conditions for convergence
of the methods at a given rate. In Section 2.2 we generalize this technique to
the case of linear equations in a Banach space. In particular, we prove that
the power sourcewise representation of an initial discrepancy is sufficient for
convergence of proposed methods at the power rate. In Section 2.3 it is shown
that the power sourcewise representation is actually close to a necessary con-
dition for the convergence at the power rate. The algorithms and investigation
technique developed in the present chapter will be used in Chapter 3 for justifi-
cation of the formalism of universal linear approximations for smooth nonlinear
operator equations in Hilbert and Banach spaces. In Chapter 4, on the basis
of this technique we propose and study a class of iterative methods for solving
nonlinear irregular equations of general form.
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2.1  General Scheme of Constructing
Affine Regularization Algorithms
for Linear Equations in Hilbert Space

In this section we consider linear operator equations
Az =f, zeX1 (f¢€ Xo), (1)

where X7 and X, are Hilbert spaces and A € L(X7, X5). To start with, assume
that X; = Xo = X and A = A* > 0. Suppose f € R(A); then the set X,
of solutions to equation (1) is nonempty. It is readily seen that X, is a closed
affine subspace of X. Let us define the family § of all feasible exact and
approximate data (A, f) in equation (1) as § = L (X) x X, where L (X)
is the cone of all selfadjoint nonnegative operators from L(X). The norms of
L(X) and X induce a metric on § and turn the family § into a metric space.
Throughout, we shall estimate the distance between exact input data (A, f) and
their approximations (A, f5) separately in A and f. More exactly, we shall
assume that

Ar — Allpxy < b, lfs — fllx <9,

where the pare (h,d) characterizes error levels in the input data (A, f). It is
a well-known fact that the family of regularizing mappings for equation (1)
can be constructed in the form R, 5) : § — X, where the regularization
parameter a(h, d) = a(Ap, fs5; h,0) depends on the error levels A, § but not on
the approximate elements (Ay,, fs5). Moreover, the approximating operator R,
can be chosen in such a way that R, (A4, -) : X — X is an affine continuous
mapping for each A € L, (X). The present chapter is devoted to studying
precisely this class of approximating operators and related regularization al-
gorithms R, 45y : § — X for equation (1). The interest to regularization
procedures of this type arises out of the simplicity of their implementation
when applied to equations (1) with exact operators A. In this event, evaluation
of an approximate solution is reduced to finding an image of the element f;
under the continuous affine map R, g 5)(A, ). Clearly, the last operation is
stable in computational sense.

We begin our detailed discussion by construction of approximating operators
R, for equation (1). Let us fix an initial estimate £ € X of the solution to
(1) and choose a real or complex—valued function O(\, «) such that for each
a € (0,ap], the function O(-, ) is Borel measurable on a segment [0, M],
where [0, M] D o(A). Also, suppose ©(\, «) satisfies the following condition.

Condition 2.1. There exist constants py > 0 and ¢1 = ¢1 (oo, po, M) > 0
such that for all p € [0, po),

sup |1 — O\, )N < ca? Vo € (0, ap). (2)
A€E[0,M]
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The family of approximating operators

Ro:F— X, ac(0,a;

Ra(A, f)=(E-0(A,a)A){+O(A,a)f 3)

is a key tool in constructing regularization algorithms for equation (1). Along
with «, the initial estimate £ € X serves as a parameter of the family {9, }.
Following (3), let us construct the parametric family of elements

o =(E—0O(A a)A)+0(A,a)f, «oc(0,a) (4)

for approximation of a solution to (1) as & — 0. In other words, (4) defines an
abstract solution method for equation (1) in the case of exact input data (A, f).
Here O(\, ) is called the generating function for the parametric mapping (3)
and parametric approximating scheme (4); the operator function O (A, «) is
defined according to (1.1.1). Clearly, the mapping PR, (A, f) is affine in its
second argument. Application of the Riesz—Dunford formula (1.1.6) implies
the continuity of 9, (A4, f) in its first argument on L (X). The least upper
bound p* for values of py in Condition 2.1 is called the qualification of the
scheme (4). Notice that infinite values of the qualification are not excluded.
The following theorem characterizes approximating properties of the mapping
(3) and the family (4) with respect to a solution of equation (1).

Theorem 2.1. ([17, 144]) Suppose Condition 2.1 is satisfied. Then
lim ||zo —2*||x =0, (5)
a—0

where x, is the solution of (1) nearest to &, i.e.,

x" = Px.(£). (6)
If, in addition, the initial discrepancy has the form
¥ —&=APv, veX (7)

withp,q > 0,p + q € (0, pol, then

|4 (20 — 2%)|lx < 1o Yo € (0, ). (8)

From (5) and (6) it follows that if we define a single—valued selector G :
T — X of the multivalued mapping (A, f) — A~!f by the equalities

D(G) ={(A, f) eF: feR(A)}, G(A f) = Pa-14(8),
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then (5) takes the form (1.2.6). It should be pointed out that the selector G is
in general a discontinuous mapping. Indeed, letting for instance

X =R? = {z = (21,29)},

Acx = (55517562)7 f = (an)v é-: (1’0)a

we get G(Ao, f) = (1,0) and G(A., f) = (0,0) whatever ¢ > 0. In this
situation, {MR, } is a family of continuous mappings, that approximate G on the
all of D(G).

Relations similar to (7) in theory of ill-posed problems are known as source-
wise representations. They are of frequent use in contemporary investigations
of regularization methods for equations (1). In view of their role in regular-
ization theory, these conditions have been repeatedly analyzed both in general
setting and in application to operators A of special forms ([96]). From (1.1.4)
and (1.1.5) it follows that R(AP?) C R(AP') whatever 0 < p; < pz. In many
cases of practical interest, the representation (7) can be interpreted as saying
that the element =* — ¢ is of higher smoothness compared to the smooth-
ness of a typical element of the original space X. For instance, let p € N and
A Ly(2) — Lo(2) be the Green operator of a linear regularly elliptic differen-
tial equation of order 2m under homogeneous boundary conditions on a domain
Q c RN with 9Q € C™. Then we have R(A?) = W™ (Q) [96]. Therefore
in this case condition (7) is equivalent to the inclusion z* — & € WiP"(Q).
These remarks make obvious a key role of the qualification as one of the main
numerical characteristics of the approximating procedure (4). In particular, if
the qualification has a finite value, then the process (4) is saturable in the sense
that the increase of the exponent p in (7) over some threshold doesn’t imply the
same increase of the exponent in estimate (8). Such an effect occurs when the
exponent p or, in other words, the smoothness characteristic of =* — &, comes
over the qualification value p*. On the contrary, if p* = oo, then we have
the saturation free approximating process (4). This means that Theorem 2.1
implies arbitrarily high rate of convergence of the approximations x,, to x* as
o — 0 whenever the initial discrepancy z* — £ is sufficiently smooth.

Let us now turn to the general case where A € L(X, X») is alinear operator
acting from a Hilbert space X into another Hilbert space X5. We put § =
L(X1, X9)xXj5. Since for selfadjoint operators a developed functional calculus
is available, it is more convenient to deal with equations (1) involving selfadjoint
operators rather than operators A € L( X1, X2) of general form. Acting on both
parts of (1) by the adjoint operator A*, we get the symmetrized equation

A* Az = A*f, z€X; (9)

with a selfadjoint and nonnegative operator A* A. The following well-known
assertion establishes a relation between solution sets of equations (1) and (9).
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Lemma 2.1. The solution set of (9) coincides with the set of solutions to the
equation

A.T:Pmlﬁ x € Xi.

Solutions of equation (9) are usually called quasisolutions to the original
problem (1). In the special case where f ¢ R(A) and PM f € R(A), the
equation (1) has no solutions but quasisolutions of (1) exist. Notice that the set
of quasisolutions coincides with the set of minimizers of the problem

1 2
min SllAz = fli%,-
Also, it is clear that the solution set of (1), if nonempty, coincides with the
set of quasisolutions to (1). Below, speaking of equation (1) with an operator
A € L(X1, X3) of general form, we shall bear in mind precisely the problem
of finding some quasisolution of (1). By analogy with (6), we shall look for
the quasisolution nearest to some fixed element £ € X;. By G : § — X; we
denote the mapping that takes each pare of input data (4, f) € D(G),

D(G) ={(A, f) € § : Py € R(A)},

to the quasisolution of (1) nearest to £ € X;. The example cited above proves
that the mapping G can be discontinuous, even if the spaces X; and X5 are
finite—dimensional. Let X7, denote the set of all quasisolutions to (1). We
assume throughout that X1, # (). Applying operators (3) to the symmetrized
equation (9), we obtain a parametric family of approximating operators R, :
§ — X for the mapping G defined above. Suppose the generating function
O(\, «) satisfies Condition 2.1. We set

Ra(A, f) = (E - O(A"A,0)A"A)§ + ©(A"A, ) A" f,
(4,f) €3

The corresponding parametric scheme for approximation of a quasisolution to
equation (1) looks as follows:

(10)

To = (B — O(A*A,0)A*A)E + O(A* A, ) A*f, a € (0,00  (11)

Theorem 2.2. ([17, 144]) Suppose Condition 2.1 is satisfied. Then

lim ||zq — 27| x, =0,
a—0
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where
" = Px,.(§)- (12)
If, in addition, the initial discrepancy has the form
- =(A"A)Pw, weX; (13)
with p,q > 0,p +q € (0, po], then
I(A*A) (20 — 27)||x, < 1aPT? Vo€ (0,a0]. (14)

According to Theorem 2.2, the approximating operator family (10) satisfies
equality (1.2.6).

Remark 2.1. If ¢ = 0, then in the left parts of inequalities (8) and (14)
we have the norm of the pointwise discrepancy z, — «*. In the case where
q = 1, the expressions in (8), (14) take the form A(x, — z*) = Az, — f,
A*A(xq — ) = A* Az, — A* f and give the usual discrepancy for equations
(1) and (9) respectively.

Let us now consider several generating functions ©(\, &) most frequently
used in computational practice and specify the schemes (4) and (11) for these
functions.

Example 2.1. The function
1
Ao

satisfies Condition 2.1 for all py € (0,1]. Numerical implementation of the
scheme (4), (15) is reduced to solving the equation

(A+aFE)zy =aé+ f, a€(0,a] (16)

with the continuously invertible operator A + aF. The method (16) for solv-
ing (1) is known as Lavrent’ev’s method. When applied to an operator A €
L(X1, X>), the scheme (11) leads to well-known Tikhonov’s method

(A*A+ aB)ze =+ A™f, € (0,a] (17)

O\ a) =

(15)

for finding a quasisolution to (1).

Example 2.2. The function

G(A,a):§[1—< o >N] NeN (18)
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satisfies Condition 2.1 for each pg € (0, N]. Note that if N = 1, then the
function (18) takes the form (15). Evaluation of the approximation x,,a €
(0, ap] defined by (4) and (18) can be reduced to the following finite iterative
process:

Tq = V), (19)

«

where
2O =¢ (A+aB)zF ) =az® 4 f k=0,1,...,N—1. (20)

The method (19)—(20) in theory of ill-posed problems is known as the iterated
Lavrent’ev’s method. The process (11), (18) can be implemented by means of
the iteration

To = ng), (21)
z{) = &

(A*A+ aE)al ) = az®) + A*f, k=0,1,...,N —1. (22
The method (21)—(22) is called the iterated Tikhonov’s method. It should be
noted that Condition 2.1 for the function (18) is violated when pg > N. There-
fore methods (16) and (17) have the qualification p* = 1, and the qualification
of methods (19)—(20) and (21)—(22) is p* = N. This means that all these pro-
cesses are saturable. Let us give several examples of the processes (4) and (11)
free of this drawback.

Example 2.3. The function
1 A
—<1 — exp<——>) , AFE0,
O\ ) = ? a (23)
o

satisfies Condition 2.1 for each pg > 0. The process (4) with the generating
function (23) can be implemented as follows. Suppose an X—valued function
u = u(t),t > 0 solves the abstract Cauchy problem

du

Crdu=1, u(0) =& (24)
then we set
To = u<$>, a € (0, ag). (25)

The scheme (11), (23) can be implemented in the similar way:

Ty = u<l> o € (0, ag): (26)

(07
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d
d—? FA Au = A*f,  u(0) = €. (27)
The methods (24)—(25) and (26)—(27) are often referred to as stabilization meth-

ods.

Example 2.4. Let g: [0,/M] — R be a bounded and Borel measurable
function, continuous at A = 0. Suppose that

sup |1 —Ag(A)| <1 Vee(0,M]. (28)
AEle,M]
Then the function
S (120, A#0,
@()\,Oé) = g(O) (29)

defined for the discrete setof valuesaw = 1,1/2,...,1/n, ... satisfies (2) forall
po > 0. The procedure (4), (29) is reduced to the iterative process: if &« = 1/n,
then we set

T = 3™, (30)

where
20 =¢

€2V
) = 20— g(A)(Az® — F), k=0,1,...,n—1.

Inequality (28) and other conditions on g(\) listed above are satisfied, e.g.,
for the functions g(\) = o € (0,2/M) and g(A\) = (A + o)t with po > 0.
The scheme (11), (29) can be implemented similarly to (30)—(31):

2o =2M, 20 =¢ (32)

B = 20 — (A" ) A (A — ), k=0,1,...,n—1. (33)

In the case where g(\) = po € (0,2/M), the schemes (30)—(31) and (32)—
(33) generate the simplest explicit iterative processes for finding a solution
(quasisolution) of equation (1). When g(A\) = (X + pg) ™!, o > 0, these
schemes lead to the simplest implicit processes for approximation of a solution
or quasisolution of (1).

Since generating functions from Examples 2.3 and 2.4 satisfy Condition 2.1
without any upper restrictions on pg, we conclude that the procedures (24)—(25),
(26)—(27), (30)—(31), and (32)—(33) have the qualification p* = oo and hence
these procedures are saturation free.
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The foregoing considerations treat the case where the input data (A, f) of
equation (1) are known without errors. Now suppose these data are given ap-
proximately. Let A € L(X;, X5). Assume that instead of the exact data (A4, f)
in (1) their approximations (Ay, fs5) € § = L(X1, X2) x X2 are available such
that

[Ar — AllLcxy,x2) < by lfs = fllx, <6 (34)

In accordance with (11), an approximation to the quasisolution z* = Px,, (§)
can be defined as follows:

5
xth(h,)é) = Ra(n,6)(An, [5), (35)

where

Rah,o)(Ans f5) =
= (E — O(A,Ap, a(h, 6)) AR Ap)E + ©(AL Ap, a(h, 6)) A} fs-

In (35), the regularization parameter v = «.(h, d) should be coordinated with
the error levels h, ¢ in order to ensure the convergence

lim \|x(h’6)

Jm |z 6 — @7l = 0. (36)

The equality (36) must be fulfilled uniformly with respect to a choice of ap-
proximations (Ay, f5) subject to the conditions (34); (36) then implies that
the mapping R, 5) : § — X1 defines a regularization algorithm for the
problem (1). Without loss of generality it can be assumed that the spectra
o(Aj Ap),0(A*A) lie in a segment [0, M]. The following theorem points up
a possible way of coordination of the regularization parameter o with the error
levels (h, ).

Theorem 2.3. ([17, 144]). Let Condition 2.1 be satisfied, and let

C2
sup  [O(\, )VA| < —= Va € (0, aq). (37)
AE[0,M] Va
Suppose that
. . h+do
h}zlsriloa(h’ 9) =0, hhlsrilo a(h,d) 0-

Then uniformly with respect to a choice of (Ap, f5) subject to (34), the following
is true:
1) Equality (36) is valid with x* specified in (12).
2) If, in addition, the initial discrepancy has the sourcewise representation
(13), and
a(h,8) = c3(h + 6)/ P+,
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then

”ffﬁf)(s) — 2*||x, < ca(h+ )22/ Zp+1),

This estimate is order—optimal over the class of all equations (1) with quasiso-
lutions x* allowing for representation (13).

Sufficiently complete overview of the variety of other possible approaches to
coordination of a regularization parameter with error levels can be found, e.g.,
in [17, 42, 68, 106, 137, 139].

Remark 2.2. Condition (37)is fulfilled for all generating functions presented
in Examples 2.1-2.4.

Let us turn to more detailed analysis of the convergence rate of approxima-
tions (4) with exact data. It will be shown below that the sourcewise represen-
tation (7) is actually very close to a necessary condition for estimate (8). The
same is true for the process (11) and related representation (13) and estimate
(14). We shall need the following condition.

Condition 2.2. There exists a constant c5 = c5(T, ag, M) > 0 such that

ag
—27—1 2 G5
« 1 -0\ a)Ada>—
0/ o AT (38)

VA € (0,M] V7€ (0,po).

Theorem 2.4. Let Condition 2.2 be satisfied. Suppose
p>0, ¢=0, p+qe(0,p]
and the estimate is valid
A9 (2o — 2%)||x < 1aPTT Vo € (0, aql, (39)
where x, is defined by (4) and x* is specified in (6). Then
¥ — &€ R(AP™F) Ve € (0,p). (40)

Proof. From (4) and (39) using the equality f = Ax* we get
1A% (20 — "% =

41
= |AY(E — O(A,a)A)(z* — &)|% < 1Pa?Pta), S
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From (1.1.2) and (41) it follows that for each w € (0, 2p),

M
[ ot - e Pl - Ol <
0-0
< Pa Va € (0,a9).
Integrating this inequality over v € (0, o], we obtain

ag M

/ / a 2Tt N2 — ©(\, a)A2d|| Ex(z* — &) da < oo.
0 0-0

Since the integrand in the last expression is nonnegative, by Fubini’s theorem
[123] we can change the order of integrals to get

M ap
/ A2 (/a—2<P+q>—1+W|1@(A,a)A|2da>d|EA(x*§)||§( < oco. (42)

0-0 0

Substituting p + ¢ — % for 7 in (38) yields

aQ

BT 2 &
/a 1-00\a)APda > % VA€ (0, M],
0

Let 1* be the Lebesgue—Stieltjes measure associated with the function v*(\) =
| Ex(z* — &)||%. Observe that (6) implies z* — £ L N(A), that is,

(" = &y)x =0 Vye N(A).

Therefore the function v*(\) is continuous at the point A = 0 and hence
1*({0}) = 0. Inequality (42) now gives

M M
/ A2 By - )| = / AR By @ - )% < oo
0=0 0

In view of (1.1.4), we have
o — ¢ e D(A~P=%)) = R(AP~3).

Since w € (0, 2p) can be taken arbitrarily small, the last inclusion implies (40).
This completes the proof. U
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Example 2.5. Direct calculations show that (38) is fulfilled for all generating
functions from Examples 2.1-2.3. In fact, for the function (18) the integral in
(38) can be estimated as follows:

o o

2N
/aQTl‘l — O\, a)APda = /a271 <L> da =
Ao

0 0

ag/A ag/M
1 t?N—ZT—ldt e tQN—ZT—ldt 0N
2T / (1+6)2N = a2 6 / 1+)2V 7€ (0,N)
0 0

Here the original integral was transformed by the substitution o = At. Assum-
ing that 7 > 0, for the function (23) with the same substitution we obtain

agQ

/a_QT_lll _ 6, a)A2da =
0
7 2 cont! 2
= /aZTl exp(—;)da > %, cr = / =21 exp(—g)dt.
0 0

Let us now analyze the necessity of representation (7) for rate of convergence
estimates of the methods (30)—(31). For this purpose we introduce the following
discrete analog of Condition 2.2.

Condition 2.3. The function g(\) satisfies conditions listed in Example 2.4

and there exists a constant cg = cs(T, o, M) > 0 such that

o0

3 0P - Ag(V) P = ;Tg YA€ (0,M] Yr>0.  (43)
n=1

Theorem 2.5. Let Condition 2.3 be satisfied. Suppose p > 0,q > 0 and
there exists | > 0 such that

. I
147" —2")|x < — Yn€eN, (44)

where () are defined by (30)—(31) and x* is specified in (6). Then (40) is
valid.
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Proof. As in the proof of Theorem 2.4, with the use of (44) we get

147" — 2")[% = [[AY(E - Ag(A)" (=" - Ik =

M
12 (45)
291 _ 2n * 2
/)\ (1= Mg dEx(a® = )% € o5 Vn e N,
0

0—
From (45) it follows that for each w € (0, 2p),
M 2
/ n2(p+Q)*17wA2q’1 _ )\g()\)‘anHE)\(x* o 5)”%( < o
0-0

Summing these inequalities, we obtain

> / n20H) 10\ \g(0) P B (o — €)% < oo.

n=1 0_

Next, using Levy’s theorem [123] and the equality p*({0}) = 0, after substi-
tuting into (43) 7 = p + ¢ — % we get

o M
Z / n2(p+q)*1*w)\2‘1\1 — )\g()\)|2ndHEA(3?* - f)H?X =
0

M (oo}
= [ (Z n20t0 10y Agw?n) d|Ex(z* ~ Ol >

n=1
M
> ¢ / A2 d| By (2 — €))%
0—-0

The obtained inequality in view of (1.1.4) gives the required inclusion

o — €€ R(APF) Ve e (0,p).

Remark 2.3. It is readily seen that the conclusion of Theorem 2.5 remains
valid if inequality (43) is true for all A € (0, M;] with some M; € (0, M].
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Example 2.6. Condition 2.3 is satisfied for the functions g(\) = po, po €
(0,2/M) and g(A\) = (X + o)~ %, o > 0 introduced in Example 2.4. Let us
show this for the case where g(A) = 1. The sum in (43) then takes the form

9]
ZnQT—l(l o MOA)2n-
n=1

Using the estimate ([140])
(1—t) " I'(1—1t)
09(177 7)1t < Z P < 0104(1 — x)H; cg = co(t), c10=cio(t)

n=1
Ve e [1/2,1) Vt<1,

where I'(+) stands for the Euler gamma—function, and letting

z=|1—p\? t=-27+1,

we get
> _ F(QT) (&}
27—1 2n
E 1 — poN)“" > > — Ve (0,M
n:1n ( Ko ) = C9 )\QT(MO(Q — MOA))%— =27 € ( ’ 1]

for all sufficiently small positive numbers My < M. It suffices to apply Remark
2.3.

Remark 2.4. Examples given in [42, 82] prove that the inclusion ¢ € (0, p)
in Theorems 2.4 and 2.5 generally can’t be replaced by the equality € = 0.
At the same time, such a replacement is possible if p = p*, where p* is the
qualification of the method under consideration ([42]).

Converse statements for Theorem 2.2 can be obtained directly from Theo-
rems 2.4 and 2.5 by formal replacement of the operator A with A*A.

Theorems 2.4 and 2.5 establish that estimate (8) actually is not improvable
and show that the rate of convergence of the process (4) is completely deter-
mined by the power p in representation (7) or, in other words, by smoothness
characteristics of the initial discrepancy x* — &.

The technique used in the proofs of Theorems 2.4 and 2.5 improves the ideas
of [82], where these results were obtained for special generating functions in
the case of ¢ = 0. Another approach to converse theorems for the processes
(4) and (11) was earlier developed in [42], where assertions of Theorems 2.4
and 2.5 were established with the use of the condition

sup ]@(/\,a)\g% Va € (0, ) (46)

A€[0,M]
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instead of (38) and (43).

Notice that Theorems 2.4 and 2.5 written for ¢ = 1, point to a possibility of
determining smoothness characteristics of the unknown solution z* simultane-
ously with the finding of x*. To do this, it is sufficient to estimate the exponent
r > 0 in the formula

|Aze — fllx = O(a"), a — 0.

We conclude this section with a discussion of conditions necessary and suf-
ficient for more slow, as compared to (8), estimates

|za — 2%||lx <l(—=Ina)™? Vae (0,a0] (p>0) (47)

and their iterated generalizations. For brevity sake, we consider only the process
(4) with the exact input data A* = A > 0, f € R(A). An extension of results
to operators A € L(X1, X») creates no difficulties.

Below we assume that ap € (0,1) and o(A) C [0, M], where M € (0, 1).
We need the following condition on the generating function O(\, «).

Condition 2.4. There exists a constant c13 = ci2(, p, M) > 0 such that
forallp > 0,

sup |1 =0\, a)A[(—InA)"? <cip(—Ina)™?
A€(0,M]

Ya € (0, Oz()].

In [61] it was proved that Condition 2.4 is valid for each function O(\, )
satisfying Condition 2.1. As a corollary, we get the following example.

Example 2.7. All functions ©(\, o) from Examples 2.1-2.4 satisfy Condi-
tion 2.4.

Denote

w@%—g_me’AemJ% -

0, A =0,

Since 0(A) C [0, M] and () is bounded on the segment [0, M|, formula
(1.1.1) defines an operator (—In A)™P € L(X).
Let us give a condition sufficient for the estimate (47).

Theorem 2.6. ([61]) Suppose Condition 2.4 and the sourcewise represen-
tation

¥ —€¢=(—nA)Pv, veX (48)
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are satisfied, where p > 0 and x* € X, is specified in (6). Then (47) is valid.

Proof. From (4) with the use of formula (1.1.3) and Condition 2.4 we get

[2o = 2"[lx = [[(E = ©(4,0)A) (2" = £)|[x <
< (B =6(4,a)A)(=In A) Pl x) [[v]lx <

<|lvllx sup |1 =0\, a)\(—=InX)"P < (49)
A€(0,M]

<l(-Ina)™? Va e (0,a.

The next theorems (see [61] for the proofs) show that representation (48)
approaches a necessary condition for (47) and hence can’t be essentially weak-
ened.

Theorem 2.7. Let (46) be satisfied. Assume that
|ta — 2%||x <l(—Ina)™ Vae (0,a0] (p>0), (50)
where x, is defined by (4) and x* € X, is specified in (6). Then

¥ — &€ R((—InA)~?79))  ve € (0, p). (51)

Theorem 2.8. Let (46) and conditions of Example 2.4 be satisfied. Assume
that

2™ — 2% x <Il(lnn)™?, n=23,... (p>0), (52)

where (™) are defined by (31) and x* € X, is specified in (6). Then (51) is
valid.

It is easy to see that the linear manifold of all elements z* — £ of the form (48)
with p = p; contains the manifold defined by the right part of (7) with p = po
whatever p1, p2 > 0 be. At the same time, both the representation (48) and the
equality (7) defines narrowing manifolds when the exponent p increases.

Let us explain the structure of manifolds defined by (7) and (48) in more
detail. Denote S* = {z € C : |z| = 1}. Suppose A* = A > 0 is an operator
in X = Ly(S') having a complete system of eigenvectors {exp(int) } ez, t =
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argz € [0,2r]. Given s > 0 define the Sobolev—Slobodetskii space [141]

H3(Sh) = {w :[0,27] — C:
(53)

2 2\s — o 4
D an(@)P(1+n%)* < o0,  an(x) i exp(—int)z(t)dt .

The space (53) is connected with the classical Sobolev spaces and spaces of
smooth functions by standard embedding theorems [1, 141]. Suppose the eigen-
vectors exp(int), exp(—int) correspond to the eigenvalue A,,n > 0, and
An,n € N satisfy the condition

cisn " <Ay <cun ", neN, r>0;
then from (53) it follows that
R(AP) = Hpr(Sl).

Therefore (7) is equivalent to the inclusion z* — & € HP"(S!). Under the
condition
cisexp(—n") < A, < cigexp(—n"), n €N,

in the similar way we obtain
R((—InA)™P) = HP"(Sh).

Hence (7) and (48) imply an increased smoothness of the element x* — £ in the
sense of the scale { H*(S1)}5,, as compared with the smoothness of elements
from the original space Ly(S') = HY(S'). The power asymptotic behavior of
eigenvalues is typical for the Green operators of regularly elliptic differential
equations [141]; integral operators with the Poisson kernel provide examples
of operators with the exponential decrease of eigenvalues ([60]).

Example2.8. LetC : D(C) — X (D(C) = X) be a selfadjoint unbounded
operator in a Hilbert space X. Suppose o(C) C [ag,0),ap > 0. It is well
known [58] that a solution u = u(t) to the abstract Cauchy problem

du

is uniquely determined for all ug € X. We have
u(t) =U(t)up, t >0,

where {U (t) }+>0 is the semigroup of linear bounded operators with the gener-
ator —C, that is,
U(t) = exp(—tC), t>0.
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Under the above conditions, the problem (54) is well-posed with respect to
perturbations of the initial state ug [58, 97]. Now consider the inverse problem
of reconstructing the initial state ug = x by a solution u(t) given at the moment
t =T :u(T) = U(T)up. This problem is ill-posed in most nontrivial cases
[97, 105]. Setting A = U(T') and f = u(T'), we reduce the inverse Cauchy
problem to the form (1). In this event, the logarithmic sourcewise representation

¥ =€ R((—InA)™P)
is equivalent to the inclusion
¥ —¢ € R(C™P)=D(CP).

This means that * — £ has an increased smoothness, as compared with the
smoothness of elements from the original space X = D(C?).

Theorems 2.7 and 2.8 allow for natural generalizations to the case of arbitrary
number of logarithms in estimates (50), (52) and representations (48), (51). Let
us introduce the sequence { M} }:

1
My =1, M, , —exp<—M*), n € N.
n

Pick numbers N € N and o € (0, My,). We intend to give conditions on the
discrepancy =* — £ necessary and sufficient for the iterated logarithmic estimate

|za —2%||lx <Il(n...In(—lna))™ Vae (0,ap] (p>0). (55)
N

The approximations x,, are defined by (4). Forall N > 1and p = p; > 0,
estimate (55) is slower than (47) with arbitrary p = p2 > 0. Assume that
o(A) C [0, M], where M € (0, M};). By analogy with the case N = 1, we
introduce the following condition.

Condition 2.5. For each p > (0 there exists a constant
cir = cir(ao, p, M, N) > 0

such that

sup |1 =0\, a)A|(In...In(—1n X)) <
Ae(0,M] —

<cr(ln...In(—Ina))™? Va e (0,a].

| S ——
N

(56)
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The proof of the next theorem follows the scheme (49) and uses the technique
developed in [42].

Theorem 2.9. 1) Let Condition 2.5 and the sourcewise representation

2¥—¢=n...In(—InA)Pv, veX (p>0) (57)
N

be satisfied, where ©* € X, is specified in (6). Then (55) is valid.
2) Suppose (46) is fulfilled and

|za —2%||lx <Il(n...In(—Ina))™? VYa e (0,ap],
— —
N
where p > 0. Then for each ¢ € (0,p),
¥ —¢e R((In...In(—In A))~P=9)),
N

Let us denote
77(/\,06)2 ’1_@()‘704))‘|; A€ [O?M]v ES (07040]'
Verification of Condition 2.5 can be facilitated with the following observation.

Lemma 2.2. Let O(\, «) satisfy Condition 2.5 for N = 1. Suppose for all
1o, Bo € (0,1) there exists a constant c1g = c18(po, Bo) > 0 such that

N((=np) ™ (= p)™h) > cisn(p, 5)
VILL € (OaMO] vﬁ € (OvﬁO]
Then the function ©(\, o) satisfies Condition 2.5 for all N € N.

(58)

The proof is by induction on N. Itis sufficient to make in (56) the substitution
A= (—Inp)~! a=(—InB)"! and to take into account (58).

When applied to an operator A : Ly(S') — Ly(S'), A* = A > 0 having
a complete system of eigenvectors {exp(int), exp(—int)},enu{o} and eigen-
values A, decreasing at the iterated exponential rate,

crgexp(—exp...expn’) <\, < cgpexp(—exp...expn’), n € N,

N N

we have
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Hence (57) is equivalent to the inclusion

a* — ¢ € HP"(SY).

Example 2.9. Simple calculations prove that all the functions ©(\, ) con-
sidered in Examples 2.1-2.4 satisfy (58). Let us show this, e.g., for the function
(18). In this event, (58) has the form

1
% 1< qs(% + 1) Vi € (0, o] VB € (0, Fol. (59)

The substitution 8 = 1/7, u = 1/v reduces (59) to the form

In

07 < 018(1 + 1) Yy € [y0,00) Vv € [1y, ),

Inv v

where v9 = 1/, 19 = 1/ . To end the proof it remains to set v = ¢t and to

note that the resulting inequality

Int
L—i—2§618(1€—i—1)
Inv

is true for all v > vy and ¢ > 0 with a sufficiently large constant c;g > 0.

Following [17, 42], the reader will easily get estimates for the rate of conver-
gence of approximations (35) as i, — 0 in the condition that (57) is fulfilled
and the regularization parameter o = «(h, 9) is suitably coordinated with the
error levels h and 6.

2.2 General Scheme of Constructing
Regularization Algorithms
in Banach Space

In this section we consider linear operator equations
Az =f, =€ X, (1)

where A : X — X is abounded operator acting in a Banach space X. Suppose
f € R(A); then the set X, of solutions to equation (1) is a nonempty affine
subspace of X. A direct extension of results presented in Section 2.1 to the
case of a Banach space X is partially hampered by the absence of an immediate
analog of the spectral decomposition and corresponding functional calculus for a
sufficiently wide class of operators A € L(X ). Among existing operator calculi
in a Banach space, the Riesz—Dunford calculus seems to be most convenient
for our purposes. According to this calculus, a function ¢(A) of an operator
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A is defined by the integral formula (1.1.6). With the use of this definition of
©(A, a),in [7, 17] the approximating scheme

Ta = Ra(A, f) = (B — O(A,a)A)E + O(A,a)f, ac(0,a0] (2)

was introduced and studied in the case where £ = 0. The procedure (2) naturally
extends the parametric scheme (1.4) to a Banach space X. We suppose the
function ©(\, «) is analytic in A on a domain containing the spectrum o (A).
As above, the controlling parameter £ € X plays the role of an initial estimate of
a solution to (1). In [7, 17] it was proved that the approximations x,, defined by
(2) converge to a solution z* € X, as @ — 0 whenever Condition 1.1 is satisfied
and the representation (1.7) is fulfilled with p = 1. The behavior of x, with
approximately given f has been also analyzed. Let us remark that the restriction
of our considerations with analytic generating functions ©(\, «) doesn’tlead to
significant lose of generality because most popular computational algorithms
of the form (2) are generated precisely by analytic functions (see Examples
2.1-2.4). This section and Section 2.3 are devoted to continuation of above—
mentioned investigations. Specifically, we intend to obtain for the scheme (2)
analogs of main statements of the theory presented in Section 2.1. The outlined
program primarily involves the study of convergence r, — z* as @ — 0 in
case of arbitrary, not necessarily natural, exponents p > 0 in the sourcewise
representation (1.7). The program also provides for justification of equality
(1.2.5) when both the operator A and the right hand side f in (1) are available
with errors.

Following [83, 84] and Section 1.1, we assume throughout this section that
operator A satisfies the sectorial Condition 1.1.

Let us introduce some notation. Fix a number Ry > ||Al|x) and set

K(Ro,p0) = K(vo) NS(Rp); S(r)={ e C:|A\<r}, r>0,

Ka(Ro, do, QO(]) = K(Ro, (po) U S(min{Ro, doa}). (3)

Also, by v, we denote the boundary of K, (Ry, do, po),a > 0. We recall that
K () is defined by (1.1.7). According to (1.1.7), 0(A) C K(Ro, o). Itis
obvious that estimate (1.1.8) remains valid with the angle K () replaced by
the sector K (R, ¢o).

We now turn to study the convergence rate of the process (2) in the case of
exact input data (A, f). First of all, we need to specify in more detail the class
of generating functions ©(\, ) in (2). From here on, we suppose the following
condition is satisfied.

Condition 2.6. For each oo € (0, o), the function ©(\, «) is analytic in \
on an open subset D, C C, where

Ko (Ro,do, po) C Dqg
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and do € (0,1) is a fixed constant.

Assume that the contour I', C D, is chosen such that v, lies within the
domain surrounded by I',,. Additionally suppose that there exists a constant
dy > dy such that for all « € (0, o] the contour T',, doesn’t contain the point
A = —dj« inside. From Condition 2.6 it follows that ©(A, «) has the integral
representation (1.1.6) with ¢(A) = O(\,«) and I" = T',. Thus if [', satisfies
the above condition, then we have

O(A, a) = ;m,/@(A,a)R()\,A)d)\, a € (0, ag). (4)
Fa

It is clear that {9’ (A4, f)} is a family of continuous mappings affine in the
second argument. Here the continuity is meant with respect to variations of
A € L(X) within the framework of Condition 1.1 and to arbitrary variations
of fin X.

Let the initial discrepancy * — £ have the sourcewise representation

¥ —&=AP, veX, p>0. (5)
According to (2) and (1.1.5), for each ¢ > 0,
Alzy — %) = —(E — O(A, a)A) APy, (6)

Denote m = [p + ¢] and u = {p + ¢}. By the definition given in Section 1.1,
APT9 = A™ AF. From (6), for each € > 0 we obtain

[A%(za — 27)|lx < [[(E—O(A4,a)A)A™ (A + e E)o] x+

+[|(E—0(A,a)A)A™[(A+cE)" — AM]v]| x. ™

Let us choose € = dj« and estimate individual terms in the right part of (7).
From (4) it follows that

I(E = O(A, ) A)A™ (A + eE)f'v|[x <

< ellvllx / 11— O\ AN+ el RO A)| Lo [dA] <
I, 8
< eallollx / 11— O, a)A(APH! + ak A Y)]dA.

Lo

Having this estimate in mind, we impose on ©(\, ) the following additional
restriction (compare with Condition 2.1).
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Condition 2.7. There exists po > 0 such that for all p € [0, po),
/]1 — O\, )N [APTHAA| < e3P Va € (0, agl, (9)
Fa

where the constant cs is independent of a.

Remark 2.5. The least upper bound of the values py from Condition 2.7 has
the meaning of the qualification parameter p* for (2) in a Banach space X.

Suppose Condition 2.7 is satisfied and p + ¢ € (0, po]. Since
[A| > doar VA €Ty,
from (8) and (9) it follows that
[(E —O(A, @) A)A™(A + eE)'v|x < cal|v||xaP™ Va € (0,a0]. (10)
Using (1.1.8) and (1.1.10), for the second summand in (7) we get the estimate

I(E = O(A, ) A)A™[(A + e E)! — Ao x <
< csl|vllxe”|(E - ©(A, a) A)A™ [ x) <

Cs m
< gl!vllxs“/ll—(a(x,a)xw IR Al oldr < (D
Lo
< cgllv)|x et Va € (0, ag).

Combining (11) with estimates (7) and (10), we obtain
|AY(zq — 2%)||x < 1aPT? Vo € (0, ag). (12)

Thus, we proved the following result.

Theorem 2.10. Let Conditions 1.1, 2.6, and 2.7 be satisfied. Suppose
representation (5) is fulfilled with ¢ > 0,p + q € (0,po], approximations
T, are defined by (2), and x* € X, is specified by (5). Then estimate (12) is
valid.

Remark 2.6. It follows from Theorem 2.10 that a solution z* possessing
representation (5) is uniquely determined.

Let us now turn to the case where the input data (A, f) are available with
errors. As a class § that contains all feasible exact and approximate data we
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take § = L(X) x X. Assume that instead of the original operator A and the
element f some approximations (Ay, fs) € § are given such that

IAr — Allixy < b, lfs = fllx <6. (13)
The levels of errors h,  in (13) are also assumed to be known. According to

(2), we define an approximation to the solution of (1) as follows:

x&h(}f,)a) = Ra(n,s) (A, f5) =

= (E — @(Ah, Oz(h, 5))Ah)§ + @(Ah, Oz(h,(S))f(;.

(14)

The regularization parameter &« = «(h, &) should be coordinated with the error
levels h, ¢ in order to ensure the equality

Jim (2l o' =0 (@ € X.) (15)
uniformly with respect to a choice of approximations (Ay, f5) € § subject to
conditions (13). This will imply that the mapping

Rahs) 8 — X, Ramne)(An, f5) = x&h(}i)(;)
defines a regularization algorithm for equation (1).

First of all, we shall prove that the operator function O(Ay,, o) in (14) can
be presented in the form (4), provided the error level h > 0 is sufficiently
small. The following lemma establishes a condition, under which the contour
I",, surrounds both o(A) and o (Ap).

Lemma 2.3. Assume that

— < wy, 16

doav — o ( )
where wy € (0,1), and rq is specified in Condition 1.1. Then the contour T,
surrounds the spectrum o (Ap) so that

1
O(An0) = 5 / O\, a) RO\, Ap)dA.
Ta

Proof. Foreach A\ € C\intK(Ry, dy, o), by construction of K, (R, do, ©o)
(see (3)) we have |A| > dpa. Setting in Lemma 1.2 B = A — A, with the use
of (13) and (16) we get

Toh Toh

BR(M\ A < — < —< 1.
[BR(A, A)llLx) < NS da S90S
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Therefore A € p(Ayj). Thus we see that 7, and hence T',, contains all points of
the spectrum o (Ay,) inside. This completes the proof. O

From here on, in this section we suppose condition (16) is satisfied. Also,
assume that the sourcewise representation (5) is fulfilled. Let us estimate the

norm Hx(h ) —2*||x,a € (0, ap]. We have

20 — ¥ =(E — O(Ap, a)Ap) (€ — 2*)+

. (17)
+O(An, )[(fs — f) + (A — Ap)z"].
By (5), (13), and (17), it follows that
252 — ¥ x < 18(An, @)l|Lx) (8 + [l || xh)+ (18)

+ H(E — @(Ah, Oé)Ah)Ap’UHX.

Consider the individual summands in (18).
Combining (13), (16), and (1.1.11), we obtain

RN, Al z.(x)
< IR Allzx ZH (An = AR\, A7 (x
7"() Cr
<———=— VAeTl, Vace(0,a.
A= wo)l ~ A |
Consequently,

1
O alsx) < 5 [ 1O IR ADlldA <

(19)
< CS/WMM Va € (0, ).

o

In addition to Conditions 1.1, 2.6, and 2.7, suppose O(\, «) satisfies the fol-
lowing condition.

Condition 2.8. For each o € (0, ap),

[100al gy o
R a

where the constant cg is independent of .
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According to (19) and Condition 2.8,

10(An, )| L(x) <

% Va € (0, o). (20)

For the second summand in (18) we have

I(E — ©(An, @) A44) AP0 x < [[(E — O(4, ) A) 4P| x +

21
+ [[(©(Ap, a)Ap — O(A, ) A) APv|| x . D

Following the proof of Theorem 2.10 and taking into account (9), we get
I(E—O(A,a)A)APv||x < ci|jv]|xa? Va € (0, ag]. (22)
Let us set m = [p], u = {p}, and € = c12c.. Observe that

|(©(Ap, a)Ap — O(A, a)A)APy|| x <
< ”(@(Ahva)Ah - @(A, Oz)A)Am(A—i—gE)“q)HX+ (23)
+1(O(An. )4y — O(A, ) A)A™ (A + 2E)* — A" x.

For the first term in the right part of (23) we have
1(©(An, @) An—O(A, ) A)A™ (A + e E)'vl x <

1
< 5ellvlly [ 1= 00
Lo

(RO, A) = R(A, Ap))A™ (A + e E) || L x)[dA-

From (1.1.12) and (16) it follows that

I(R(AA) — R(X, Ap))A™ (A + e E)!|[px) <
<> RO Al MFIRO, A)A™ | L) (A + eE) |l pix) <
k=1
013h

~ mHR()\,A)AmHL(X) VA e Fa Va € (0, OKO].

Using the identity
RN, A)A=—-FE+ AR\ A),

we obtain
RN, A)A™ || Lx) < cravp(|A]),
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where, by definition,

-0,
t> 0.
1, [p] >0,

Therefore,

1(O(Ap, @) A, — O(A, a)A)A™(A + eE)Fv| x <

(24)
< ci5)|v]|xvp(a)h  Va € (0, ag).

In the similar way, from Condition 1.1 and Lemma 1.1 we deduce
1(©(An, @) A — O(A, ) A)A™[(A + e E)" = AM]u]|x <
< Clﬁ\vllxa“/ 1= O, a)A[[[(R(A, A)=R(A, An))A™ || L(x)[dA] <

Lo
< arlvllxvp(a)a’h.
(25)
At last, the combination of (18) with (20)—(25) gives
. h+d
ot ol < (0 4yl + ool ). (20)

We proved the following statement.

Theorem 2.11. Let Conditions 1.1 and 2.6-2.8 be satisfied, and let the
initial discrepancy x* — € have the sourcewise representation (5). Suppose the
regularization parameter o = «(h,d) is connected with the error levels h, ¢
such that (16) is fulfilled and

a(h,d) € (0, a9), hl(iimoa(h’é) = lim = 0. (27)

Then equality (15) and estimate (26) with o = «(h, ) are valid.

Theorem 2.11 establishes conditions, sufficient for the mapping
Rans) 1§ — X

to be a regularization algorithm for equation (1).
Let us now analyze a possibility to relax condition (5). Instead of (5) assume
that for some p > 0 there exist elements v, w € X such that

=& =Av+w, |w||x <A. (28)
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Here A has the meaning of an error measure of the true sourcewise representa-
tion (5). It follows from (14) that

2 — 2*|| x < 10l O(An, @)l (x) (b + 6)+
+[|(E — O(Ap, a)Ap) APV x + |E — O(Ap, a) Anl|Lx)A.

Repeating with evident changes the proof of Theorem 2.11, we obtain
¥ h+46 ~
o9 = ol < eao 0 4 (ol + oM +A). (@9)
Therefore the following theorem is true.

Theorem 2.12. Let Conditions 1.1 and 2.6-2.8 be satisfied, and the discrep-
ancy x* — & possess the approximate sourcewise representation (28). Suppose
the regularization parameter o = «(h,d) is coordinated with the error lev-
els h,d such that (16) and (27) are fulfilled. Then estimate (29) is valid with
a = a(h,d). Moreover,

lim sup ||$((sz,;157)6) — 2| x < c0A. (30)

h,0—0

Inequality (30) implies that the algorithm (14) is stable with respect to per-
turbations of the sourcewise representation (5).

Theorem 2.12 allows to establish the convergence of a:gz’,f)é) as h,d — 0
without any assumptions concerning a sourcewise representation of ™ — £. Let
X be a reflexive Banach space. According to [38], Condition 1.1 implies that

X can be presented as the direct sum

X = R(A) & N(A).

Hence each element x € X is uniquely representable in the form x = y + z,
where y € R(A) and z € N(A). Therefore for each £ € X there exists a
unique element z* € X, with 2* — £ € R(A). Consequently for arbitrarily
small € > 0 we can find v, and w, such that

¥ =& =Av. +w., |we|x <e.

Putting into (29) p = 1 and A = ¢, we conclude that

N h+06
”x((lhﬁ) — HX < Cgo(T + (h—i—Oé)H’UEHX +6>.
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Now, by (27),
lim sup ngl(’;j)) — 2" x < cz0e.
6—0 ’

h,6—

Since € > 0 can be chosen arbitrarily small, we get the following statement.

Theorem 2.13. Let X be a reflexive Banach space and x* € X, satisfy
x* —& € R(A). Suppose Conditions 1.1, 2.6, 2.8 and inequality (9) withp = 1
are satisfied. Then (15) is valid.

In case where h = § = 0 and a(h,d) = a — 0, the assertion of Theorem
2.13 takes the form akin to (1.2.6), if we define G : § — X by the equalities

D(G)={(A,f)€F: fe R(A)}, G(A [f)=AT"fn{¢+RA)}

It is significant that (1.2.6) is true not on the all of D(G) but on its proper subset
defined by Condition 1.1 on operator A. The equality (1.2.5) is true just on the
same subset of D(G). Atthe end of Section 1.2 we have already pointed out the
necessity and utility of narrowing the class of elements F' € D(G), for which
(1.2.5) and (1.2.6) must be fulfilled, from D(G) to its appropriate subset.

The presented scheme in combination with theory of projection methods [77,
94] allows to construct in a uniform style various finite—dimensional regulariza-
tion algorithms for equations (1) with compact operators A € L(X). By finite—
dimensional we mean regularization algorithms involving finite—dimensional
approximations of operators Ay and elements f5. Let us choose two families
of finite—dimensional projectors P}, @, € L(X); l,m € N. Denote

L1 =R(P), My=RQnm)

and suppose the projectors P;, ), satisfy the following conditions.

Condition 2.9. Forall x € X,

llim |z — Pz||x =0, lim ||z —Qnx|x =0. (31)
Condition 2.10.

AP = E)lloce) <G, [(Qm — E)Allcx) < ms (32)

llim ¢ = lim n, =0. (33)

Conditions (31) mean that the families of subspaces { £; } ;e and { M, } e
are dense in X . Assumptions of this kind are typical for the theory of projecting
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methods. Using Banach and Steinhaus’ theorem, from (31) we conclude that
the norms of operators P; and @), are uniformly bounded:

sup || Pl z(x) < o0,  sup [[@mllrx) < oo (34)
leN meN

Conditions (32) and (33) immediately imply that A is a compact operator from
X into X. At the same time, compactness of approximate operators Ay, is not
assumed.

According to the abstract scheme of constructing projection methods for
equations (1) with continuously invertible operators, we associate with (1) the
family of finite—dimensional equations

QmAnPx =Qmfs, =e€X. (35)

The equality of dimensions dim£; = dimM,, is not assumed here. Let us
remark that in our context this equality can’t ensure a unique solvability of (35),
on the contrary with the classical (regular) case where A~! € L(X). In other
words, in our situation the approximating equation (35) remains ill-posed for
all sufficiently large numbers [, m. Applying to equation (35) the regularization
procedure (14), we obtain the following finite—dimensional scheme for solving
(1):

5
:Egzh,)é) = Rans)(An, f5) =

= [E — O(Qm(a(h,5) AnPi(a(h,s)), 2 (s 6)) Qua(h,e) A Pian,s) 1§+
+O(Qum(a(h,5)) ArPi(a(h,s)), (1 0)) Qua(h,o)) f5- (36)
By (13), (32), and (34), it follows that
1QmARE, — AllLx) < ca1(h+ G+ 0m),
1Qmfs — fllx < 1Qmfs — Qmfllx + [QmAz™ — Ax™||x <

< 021(5 + nm)-
The next result is an immediate consequence of Theorems 2.11 and 2.13.

Theorem 2.14. 1) Let A be a compact operator. Suppose conditions 1.1 and
2.6-2.10 are satisfied, the initial discrepancy x* — & has the sourcewise repre-
sentation (5), and the regularization parameter o« = «(h,d) and the numbers
I =1Ua(h,6)),m =m(al(h,d))in(36) are connected with the error levels h, &
such that (16) is valid and

hgrgol(a(h, 9)) = h}}slgom(a(hﬁ)) =o00; a(h,d) € (0,a0),

=0.

h + 5 + (&4 + m(a
lim a(h,d) = lim CUa(h,o)) + Tm(a(h,9))
h,0—0 h,0—0 Oé(h, 5)
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Then we have
)

h, *
Sy = llx <
h 40 + Ga(n,s)) + Mm(a(n,9) »
C22< O + (vplath.6)h+ a?(1,8)) ellx |-
In particular,
. (h,9) L .
h%lilo Hxa(h,(s) || x =0. (37)

2) Let A be a compact operator, X a reflexive Banach space, and x* € X,
satisfy ©* — & € R(A). Suppose Conditions 1.1, 2.6, 2.8-2.10 and inequality
(9) with p = 1 are satisfied. Then (37) is valid.

Remark 2.7. The assertion of Theorem 2.14 remains valid in the case where
P, = E. In this event, the first conditions from (31) and (32) are trivially
fulfilled with ¢; = 0.

Equality (37) implies that the operator R, 5) : § — X specified by (36)
defines a finite—dimensional regularization algorithm for the equation (1).

We shall postpone verification of Conditions 2.6-2.8 for concrete generating
functions O (A, «) until Section 2.3. Nevertheless, in the succeeding examples
the scheme (36) will be specified for some of these functions.

Example 2.10. In the case of generating function (1.15), ycgl’d) with o =

a(h,0),l =1l(a(h,0)),m =m(a(h,d)) can be obtained from the equation

(QmALP, + aB)y) = Qu(fs — AnPE), y" e M,,,  (38)

where y&h’é) =z ¢. Let, for simplicity, dimM,,, = m. By {e;}*, we

denote a basis for the subspace M,,. Suppose

m
h,é
g0 =" cier;
=1

then from (38) and the expansions

Qm(fs — AnPi) = piei;  QmAnPies =Y aijej,
i—1 =1

i=1,2,....,m

we obtain the following linear system for unknown coefficients c;, ¢ = 1,...,m:

m
=1
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If conditions of Theorem 2.14 are satisfied, thenby Lemma 2.3, —a € p(Q., ApP).
Therefore the system (39) has a unique solution.

Example 2.11. The scheme (36), (1.23) can be reduced to solving the Cauchy

problem

du + Q@mAnPru = Qmfs, u(0) =¢,

dt
1
2 — u<_)
(0%

Setting u(t) = v(t) + &, we get

dv

o T @mAnLw = Qu(fs — ApFiE),  v(0) =0.

Each solution of this problem can be written as

so that

m
v(t) =) ci(t)es.
i=1
For the unknown functions ¢;(¢),7 = 1,...,m we have the system of linear

ordinary differential equations with constant coefficients

de; = :
d_t]JFZ;“ijCi:%a ¢(0)=0, j=1,...,m.
=

Finally, we obtain

m 1
(h,0) E | Z e,
Ty cl< )eZ +¢£.

i=1

Example 2.12. The explicit iterative scheme (1.31) is equivalent to the
iteration

25D = 20 0 (QumARPiz™ — Qi fs), k=0,...,n—1

with 2(°) = ¢ and sufficiently small ;o > 0. Here o« = 1/n and

Using the representation
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we can rewrite this iterative process as

C§'k+1) = Cgk) — Mo (Z aijcz(‘k) - Spj)’ c§'0) =0, j=1,....,m
i=1

Therefore az&h’a) takes the form

g9 = Z cgn)ei +¢&.
i=1

In case of P, = E the computational schemes of Examples 2.10-2.12 are
simplified. Let us make more precise the coordination conditions obtained in
Theorem 2.14.

Example 2.13. Consider the integral equation
2
(Ax)(t) = /K(t, s)z(s)ds = f(t), te€(0,2m)
0
and put X = L,(0,27),p € (1,00). Suppose
, %—I:, 88_}: € C([0,27] x [0, 27]);

then A is a compact operator in Ly (0, 27). As P, and @, we take the Fourier
projectors onto the subspaces of trigonometric polynomials:

(Po)(t) = (Qua)(t) = \/% S () explikt), e (0,27), m>1,
i

where )
1
(@) = —— / exp(—ikt)z(t)dt, k€ Z.
V2
T 0

Then (31) is true; inequalities (34) follow directly by Riesz’s theorem ([41]).
Let us derive explicit expressions for (; and 7,,, in (32) and (33). We have

AP = E)lLz,0,2m) =
2 p o\ l/p
dt) _

\/% Z ck(x)/K(t,s) exp(iks)ds

|k|>1 0

21
= sup /
lzllL,0,2m) <1

0
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27
= sup /
Izl 0,2m) <1

0
Recall the estimate ([149])

S erl@)e (K (1,))

P 1/p
1 1
dt) . -+ -=1. (40)
|k|>1 p q

> (@) n(K ()| < cosEi(a),B(K (L,))g, te(0,2m), (41)

|k|>1
where
Ey(z)p, = ylélLfl Iz = yllz,0.27)
Obviously,
Ei(2)p < |1zl 027) Yo € Lp(0,27). (42)
The following estimate is well known:
0K
El(K(t)g < 5 55 (80) . te(zm.  (43)
s Lg(0,27)
Combining (40)—(43), we get
2 1/p
Ca5 oK p
| A(P, — E)||L(Lp(0,27r)) < l(/ ‘ g(t,-) dt) .
0 LQ(0727T)
Thus in (32) we can set
€26
Analogously to (43),
1(Qm — E)Al L(L,(0,27)) =
= sup [(Qm — E)Az||1,0,27) <
lzllr,0,2m) <1
2778K
<2 up —— (-, s)x(s)ds <
M fallzy0am<t || ) O L, (027)
2 1/p
0K P
scﬁ</H—(t,-> dt| .
mAJ ot Ly(0,27)
Consequently we can take
c
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From (44) and (45) it follows that the coordination conditions onl(h, §), m(h, 0),
and a(h, d) given in Theorem 2.14 are satisfied if

h,l(isrilol(a(h’ 9))a(h,d) = hiisrilom(a(h, 9))a(h,d) = o0

)

Example 2.14. Consider the equation

1
- /K(t,s)x(s)ds _ft), tel0]
0

in the space X = C|0, 1]. Suppose
0K
ot
then A is a compact operator in C[0, 1]. We set P, = E, (; = 0 and define @,
as an operator of linear spline interpolation on the segment [0, 1]:

K, e C([0,1] x [0,1]);

m
(Qmz)(t) = ) _x(ti)eit), te0,1]; m=>1
=0
Here t; = i/m,i = 0,1,...,m. The basis functions e;(t),7 = 1,...,m are
linear on the segments [t;_1, t;], [ti, ti+1] and e;(¢t) = 0, ¢ € [0, 1]\[ i—1, tit1]s
x(ti—1) = x(ti+1) = 0,2(t;) = 1; the functions eg(t) and e, (¢) are linear on

[to, t1] and [t,,—1, ) respectively, and eg(t), e, (t) are equal to zero outside
these segments; eo(to) = e (tm) = 1,e0(t1) = em(tm—1) = 0. By

w(x,7) = max{|z(t') —z(t")| : ', t" € [0,1], | —=t"| < 7}

we denote the modulus of continuity of a function x € C[0, 1]. It is readily
seen that

1
— < —
||$ meHC[O,l] S (.U(ili‘, m), T € C[O, 1]

and ||Qm || (cjo,1) = 1; therefore (31) is true. Since

1(@m = E)AllL(cpo,1)) <

1
< w(/K l) <
Hrllcm 0 m

0K
<

—(t
(),

1
— max
m t,s€[0,1]

we can take

"m = —-
m
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2.3  Necessity of Sourcewise Representation
for Rate of Convergence Estimates
in Banach Space
The aim of this section is to analyze the necessity of representation (2.5) for
the power rate of convergence estimate (2.12). For simplicity, we consider only
the case where ¢ = 0. Below, it will be shown that (2.5) approaches a necessary
condition for (2.12) in the sense that (2.12) with ¢ = 0 yields

¥ — ¢ € R(APTF) Ve € (0,p), (1)

provided O (), a) satisfies several additional conditions (compare with Theo-
rems 2.4 and 2.5).

It is more convenient for our purposes to deal with functions O (A, «) defined
for all positive values of the regularization parameter «, rather than for a €
(0, aig]. Let Condition 1.1 and Condition 2.6 with o € (0, ] replaced by
a € (0, 00) be satisfied. Consequently the operator

1
- / O(), a)R(\, A)dA 2)

is well defined for each o € (0, 00). Recall that 7y, is the boundary of the set
Ko(Ro, do, ¢o) defined by (2.3). Here Ry > [|A| 1,(x); do and ¢ are specified
in Condition 2.6 and Condition 1.1 respectively.

Since Ax* = f, (2.2) and (2) yield

o —2"=(E—-0(Aa)A) —2") =
= L [a-e0a)NROA)E -y, ae(0,00). O

211
Yo

We denote

D(R03d07§00) = {()\,Oé)! A€ Ka(R0>dOa @0)704 € (07 OO)}

Suppose O(\, a) satisfies the following technical conditions.

Condition 2.11. There exists a constant 7o = 1o(cy) > 0 such that for all

T € (0, 70),
1-— a)A
sup / | )\ ’\d)\| < 0. (4)
aE[ao, ‘ ‘
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Condition 2.12. There exists a constant €©) > 0 such that the function
O(\ + €, ) is continuous in (\, &) on D(Ry, do, po) whatever € (0,e0)].

Condition 2.11 can be considered as a complementary one with respect to
Condition 2.7.

In the sequel we shall impose on ©(\, «) several additional restrictions.

Suppose (2.12) is valid with ¢ = 0 and p € (0, po), i.e.,

|za — 2*|[x <laP Va € (0,00 (I>0). (5)

Recall that the value pg is defined by Condition 2.7. Using Condition 2.12 and
formula (2), we conclude that the mapping o« — x,, « € (0, 00) is continuous
from R into X . Besides, in view of (1.1.8) and (3)—(5), for all

2
O0< k< min{gp, 270}

we have
[ee) aQ
/Q—P—l—‘rn”xa _ -T*HXdOé — /a—P—l—‘rn”xa _ l’*HXdOH'
0 0
0 g
+ /apH”Hxa —z¥||xda < l/a””da—k
() 0
0 (6)
+ /ap1+”\|E — O(A, ) Al (x)llz* — &l xda < Ik o+
agp

—i—cl/ —p=lty “( 3/“ ’)\| ||d)\]>da<oo

It now follows that the element

Wy = /apH”(x* — Zy)da =
" (7)
_ /apH”(E —0(4,a)A)(z" — &)da € X
0

is well defined. The integrals in (7) are understood in the sense of Bochner.
Let us outline in short the plan of subsequent considerations. Along with
the original operator A we define its regularization A, = A 4+ ¢FE,¢ > 0 and
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introduce the element

e}

ul®) — / a PR (O(A, 0)A — O(A., ) A) (& — E)da.  (8)

K

0

First, we intend to prove that integral (8) exists and to establish an upper estimate
for |[u || x. We shall prove simultaneously that the integral

oo

/ap””‘(E — (A, )AL (2" — E)da = 1 4 we = w®  (9)
0

exists and derive an estimate for the norm ||wff) —wg|lx = ||u,(f) ||x. Next, by
direct calculations we shall obtain the equality

ALl = C(p,R) (" — €) (10)

with an appropriate constant C'(p, ). At last, using the mentioned estimate,
we shall prove that AR = Ap=ryy, for sufficiently small e = ¢, — 0.
This immediately yields the required inclusion (1).

To implement the presented scheme, we primarily suppose the function

O (A, «) satisfies the following condition.

Condition 2.13. For all o € (0, 0),

— O\ XN £0 VYA€ Kq(Ro, do, ©0)-

By Condition 2.13 and the spectral mapping theorem, the operator £ —
©(A, a)A is continuously invertible for all « € (0, c0). Let us denote

O\, )X —O(A+¢,a)(A+¢)

Y ae) = —O(\ a)X

(11)

Using Condition 2.13, we get
/ PR (A a,e)(E — O(A, a)A)(z* — &)da. (12)
0

From Conditions 2.12 and 2.13 it follows that for each ¢ € (0, (9)], the function
P(A, a,€) is continuous in (A, @) on D(Ry,dop, po). Therefore the mapping
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a— P(A,a,¢e),a € (0,00) is continuous from R into L(X). Since

o0

/a“*“Hzﬁ(A,a, &)(E - O(4,)A) (" = )| xda <

0
0o

g/aplﬂwwAﬂﬂmmmwb—ﬁmww
0

to establish existence of integral (12), it suffices to prove that
[e.e]
[ A .l o — 5" Lxda < .
0

From (1.1.8) we get

1
V(A a,e)llx) < _/W)()‘a0"5)’|’R(/\7A)||L(X)‘d)“ =

(N a,9)
__2WL/' S

In connection with (13), let us introduce one more condition on O (A, ).

13)

Condition 2.14. There exist constants V) € (0,0 and sg > 0 such that
1) foralle € (0,eM] and o € (0, 0),

[P\, e, )|

T |[d\| = M (a,€) < o0 (14)

2)foralle € (0,6M] and s € (0, so),

sup (@’M(a,e))+ sup (o *M(a,e)) < oo, (15)
a€(0,a0] a€lap,00)

5(1) 5(1)

sup ocs/M(a’g)de + sup a_s/iM(a’g)de < 00. (16)
a€e(0,a0] 0 € a€lap,00) 0 €
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Since

o0

/ @ (A, ) g o — e <
<5 ( [ M@)o - a*Lxdat
o
+/ PR () ||y — 2 ||Xdoz) <

< r—0<l/ 45 (a2 M(a, €))da+

27
0
(o)

+ /QPH?’”/Q(QSM(a,a))Hxa - x*HXda> < o0,

@Q

estimates (4)—(6) and (13)—(15) imply that the integral (12) exists with an ar-
bitrary ¢ € (0,eM]and 0 < k < min{2p, 279, 2so}. Therefore for each

€ (0, 5(1)], the element w,(f) € X is well defined.
Using (8), (9), and (12)—(14), we obtain

(1)

/ Jet? el

eM oo

A o, e
. J [ . Moo o ydade <
00
» 8(1>M
<o /a_p_1+%|’$a — ¥ x (ag / (a,€) ds) do+
2T c
J 0

oo
5 M
+/oz_p_1+%"“||xa—x*||x (a‘E / 7(a’€)ds>da>,
5
(o7 0

2
0<kr< min{gp, 270,250}.



Necessity of Sourcewise Representation 57

Now, by (5), (6), and (16),

(1)
/—”w“ WallX g - o (17)

From (17) it follows that there exists a sequence {e,} such that ¢, > 0,
(en)

en — 0,and lim ||wy™ —wg|/x = 0. Infact, assume the converse. Then for
n—oo
some constants ¢ > 0 and 0 < £ < (1) we have
2
[0l — wllx > Ve e (0,e?).

Hence, contrary to (17),

£ £(2)
/_Hw g [
0

This contradiction proves our assertion.

Let us now address to the proof of (10).

Suppose « > 0 is sufficiently small. Pick m € N such that p — x €
(m,m + 1). According to (1.1.9),

sin 7T

—1
APTR = (=" trmrmmel B+ AT AT

From (9) it follows that

k (=1)™sinm(p —
AP~ = -

0o
/tp K—m—1 a P~ 14k,
, (18)

C(tE 4 A)TTATTHE — O(AL, ) AL) (2t — €)dadt.
Given 1,771,792 > 0 and z, 21, 2 € C\{0} such that
r1 <12, argzy < argzy,

we denote

[y (21, 22) ={¢ € C: |(| = r,argz; < arg( < argzs},
Ly ) (2) ={¢ € Cimp < (] <o, arg( = argz},
() () =Tz (exp(—ip), exp(i)) U T g, (exp(—ip), exp(igp) U
UL (= Ry (exp(ip)) UL (g gy)(exp(—ip)).

(19)
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Consider the function
T\ ta) = (t+2) A1 -0\ a)))
and the operator
Y(Ast,a) = (tE + A)TATH(E — (AL, o) Ay)

involved in (18).
Suppose £(®) satisfies

0< B < min{ef(l),RO - HAHL(X)};

then the contour I'®) (), e € (0,()], where ¢y is specified by Condition
1.1, surrounds the spectrum o(A.) = {\ +¢e: XA € o(A)}. Besides, o(A)
lies in a region of analyticity of the function Y'(-, ¢, &) whatever ¢, o € (0, c0).
Hence for Y(A,t,«) we can use representation (1.1.6) with I' = T (o).
Combining (1.1.6) and (18), we conclude that

AP Fp(®) —

€ K
o0

// / e S N O WA B (20)
0 0

() (o)
- R(\, Ag) (2™ — &)dMdadt,

where

(—=1)™sin7w(p — k)

272§ '
Now let us show that the order of integrals in (20) can be changed. By Fubini’s
theorem [58], it suffices to prove that

D(p, k) =

J(e) =

o
') (pg) -0

0
/ap1+ﬁtpﬁm1‘T()\?t7 O[)‘
0

RN, A) (2" — §)deadt> d)| < 0.

Since for each ¢ € (0,e0)],

E(e)= sup [|R(X A)(z" - §)]lx < oo,
AET ) (o)
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we have

J(e) < E(e) / |A|m“</ap1+“|1 — @(A,amda).
0

F(E)(SDO) (21)

- (/tp‘”_m_1|t+)\\_1dt>|d)\|.

0

Suppose O(\, a) satisfies the following additional condition.
Condition 2.15. The function

9(¢) =1 -6(AA)A

is analytic on an open set Dy O K (9)\{0} and ¢(() is independent of X when
X € K(po)\{0}. Moreover, forallt € (0,p) and p € (0, po],

sup / 7t g(r explig))|dr = Z(t) < oo, (22)
lel <o
0
Jm ot gl = o (23)
' (exp(—igo),exp(ivo))
Jim B! / 9(Q)l1dc| = 0 (24)

" r(exp(—ipo),exp(ivo))

with pg specified in Condition 2.7.

Let us consider in detail the internal integrals in (21). Using the change of
variables o = |A|7, ¢t = |A|7 and (22) with t = p — Kk, we obtain

o0
/a—P-1+~y1 _ 6, a)A|da =
0

%0 25)
N / 7P| (7 exp(—iarg\))|dr <

0
< Z(p— &) AT
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o

/tp“mlyt + A" tdt =
0

i » (26)
= |,\\P—“—m—1/rp—“—m‘1|r+ AN dr <

0
< P(p, r) AP0 VA € TO(),

where P(p, k) is a positive constant independent of \;

2
O0< k< min{gp, 2’7’07280}.

The required relation J(e) < oo follows immediately by (21), (25), and (26).
Changing the order of integrals in (20), we get

o

AP ) = D(p, k) / Am“( / a PTIR(1 — e, a)A)da)-

T(e) (o) 0

(/tp"‘ml(t + /\)1dt> RO\ AL (z* — €)dN, &€ (0,eP).
0

27
By definition, put
Az)={¢eC:(=tz,t>0}, zeC.

With the substitution a = A(, the first internal integral in (27) is reduced to the
form

/ 4 PTIER(L — O(A, a)A)dar = AP / CPIRG(O)dC. (28)
0 AN

Here ) is the complex conjugate of A € C, and the integration over the ray
A(z) is performed from ¢ = 0 to { = oo.

We claim that the value G(p, ) of the integral in (28) doesn’t depend on
X € ') (). Indeed, suppose i, Ay € I'(®) () satisfy arg\; < argAy; then
A(X\1) # A(X2). Define the contour

L ry(A1, A2) = Tr (A1, X2) UTR(A1, A2) UT gy (A1) UT (1 gy (A2),
where 0 < 7 < R. Since the function g(() is analytic on
K(¢0)\{0} D T gy (A1, A2),
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by Cauchy’s theorem we have

[ocreoac= [ et
F(T,R) (X1 ,Xz) Iy (Xl 7X2)
T / 4 / 4 / —0.
Tr(A1,x2)  Tory(A1)  Diry(R2)

Passing to the limits as r — 0 and R — oo, with the use of (23) and (24) we
get

A(A) A(X2)

Thus G(p, ) is independent of A\ € I'®) ().
In the similar way, for the second internal integral in (27) we obtain

/tpﬁml(t + A)"ldt = aprml / ¢l ) e (29)
0 A(N)

As above, it can easily be checked that the value
Hpw) = [ ¢ m i1 7l
AN

is independent of A € F(s)(goo). Finally, combining (27)—(29), we conclude
that for each ¢ € (0,£®)],

area@ = CED [ R A6 - 9ir = Ol 6)

211
I'(®) (o)

where C'(p, k) = 2miD(p, k)G (p, k)H (p, k) # 0. Consequently the equality
(10) is valid.
The first main result of this section is as follows.

Theorem 2.15. Let Conditions 1.1, 2.6, and 2.11-2.15 be satisfied. Suppose
estimate (5) is fulfilled. Then inclusion (1) is valid.

Proof. Let {¢,,} be the sequence specified above, namely,

fn >0, lim en =0, lim i) —wlx =0.
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Let us prove that
AL = AP My,

where the element wy, is defined by (7). Denote m = [p — k|, u = {p — K}, so
thatp — Kk = m + p, u € (0,1). We have the estimate

HA?;nwlgsn) _ AP—RwK”X _ HAgff“wff") _ Am—HLU)HHX <

< AT — A ) A )~ wlx.
Further,
JAZ = A oy < JAD =A™ oo A" e + a1
+ [[Ae, 1T x) 148, — A*[lx)-
It is readily seen that
[AZ" — A™||px) < cze Ve € (0,e)]. (32)
The application of Lemma 1.1 yields
| AE — AP||x) < cae® Ve € (0,eP)]. (33)

Notice that the constants c3, ¢4 in (32) and (33) depend only on p and . From
(30)—(33) we get

lim || A5 wEn) — AP~Fw, || x = 0. (34)
n—oo

Since by (10), the element APl s independent of ¢, from (34) it follows
that
AP Fw, = C(p, k) (™ = &).

Therefore,
AP Ry, =2 = ¢, v, =C(p, H)_lwﬁ.
Thus,
x¥ — & € R(APTF)

for all sufficiently small x > 0. Since R(AP*) C R(AP?) whatever 0 < py <

p1, it follows that
x* — & € R(AP™F)

foreach e € (0, p). O

Let us now give some examples of procedures (2.2), to which Theorem 2.15
and results of Section 2.2 are applicable.
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We denote
/() ={CeC:|C—2| =7},

For the function (1.18), it is convenient to check Conditions 2.6-2.8 with the
contours

o =TOUT®; TP =11 gpa(-a), TP =1g,(0), a€(0,aq).
Suppose oy > 0 is sufficiently small, so that
I nT® =0 VYa e (0,a);

then we have dopag < Rp.

Lemma 2.4. The function (1.18) satisfies Conditions 2.6-2.8 and 2.11-2.15
for all o € (0,7). Condition 2.7 is fulfilled with po = N, Conditions 2.11
and 2.14 are valid for all 1y, sg > 0.

Proof. It is readily seen that Condition 2.6 is satisfied with D, = C\{—a}.
Next, let us consider the integral

/ 100\, AP dA| =

Ta

. (35)
e T R Y
At
() r®
Assuming that p € [0, N], for the summands in (35) we obtain
2 — d
/ |A\p 1|d)\]<( 0 ol ! / |d\| =
A« (1-—
F(l) I‘( ) (36)
_2m(2 - do)P~! P
(1 — do)Nfl ’
N pp—1
/ |A|p LdA| <L / |dA| <
A+« ( 0 — Oé)
F(Q) F(Q) (37)
27TR804(])V P

P
= (R ao)Na Va € (0, ap].

Combining (36) and (37), we conclude that Condition 2.7 is satisfied with
po = N.
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The integral from Condition 2.8 has the form

O\,
/'9 O gaf = /w ~2(q _ <—> A+
()
. (38)
+/W_21_</\ia> A\ Vo € (0, ).
r?
Observe that
N
_ « 1 1—d0
/!AI 21_<A a) in < g /|d)\]
r( 39)

27‘(‘(1 — do)(l + (1 — do)_ )
d2a ’

<y (o ) /]d)\\< (40)
_R% Ry — g -

2mag o7y} N
1 .
Roa ( + <Ro —a0> ) ver€ (0, o0l

From (38)—(40) it follows that Condition 2.8 is satisfied.
Let us analyze Condition 2.11. Notice that for all A € v,, we have

IN

A+ a| > min{1 — do, sin g }a.
Consequently for each 7 > 0,

1- )A|
sup / |d\|
ac ao,-l—oo ( |)\‘
= sup /' M <
ae a0,+oo )\—}-Oé ‘)“ B

1
< su a7 - . d\ | <
- oce[oco,E—)f—oo)< doa(min{1 — dp, sin 900})N/ | |)

2(7T -+ 1)R0
= doaf ™ (min{1 — dy, sin o })N




Necessity of Sourcewise Representation

Thus Condition 2.11 is satisfied for each 7y > 0.
The check of Conditions 2.12 and 2.13 is trivial.
The function (), «, €) from Condition 2.14 has the form

N
€
A =(1- — —1.
YA€) ( A—i—a—l—s)
Observe that for each o > 0,
&
Adta+e| ™

€ 1
<
~ min{(1 —dp)a+¢,(a+e)sinpo} < sin ©0
Ve € (0,eM] (M > 0).

Therefore for all & € (0,(1)] we have

YA o, €)] / 1 2 "
2 d = (1 ——— ) —1|ld)\] =
/ By 4] By A+a+e |
Yo Yo
S N R [
) MM +a+e 1 2)\ M +a+e

Ve

«H_DN(XIg:;)”*

- £ sin g - 1 N—l /\d)\|
~ (a+ &) min{l — dp, singp } sin g Al

|dA| <

Yo
where
N\ N(N-1)...(N-m+1)
m) 1-2...m '
Further,
. B N ]
(o + ) min{1 — dy, sin o } sin g [A|

. N
2 1 R
= ‘esmcpo . 1+ - 1l (r+m=L) =
(o + &) min{1 — do, sin g } sin g doc
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It follows that (15) is true for all sy > 0. Moreover,

eH)

0

(1)
(71—{—1 &)lna—i_6 .
doc «

. N
_ 2 sin g 14 1 _
min{1 — dyp, singp } sin g

This yields that (16) is also satisfied for each sg > 0.
Let us now consider Condition 2.15. It is obvious that the function

9(0) = 1— B\ AQA = (ﬁ)N

doesn’t depend on \, and ¢(() is analytic on

C\{—1} D K(»0)\{0}.
Furthermore,

(e}

/T—t—lg(T exp(ip))|dr =
1
0/ ~

In the assumption that ¢ € (0,p), p € (0, N], we can estimate the summands in
(41) as follows:

1
[
0

(41
N
_Texp(ip)
1+7 exp(ch) ‘

o0
Texngo ‘ T+/T
1+ Texp(ip)

1

1

ETPIL /Tlt+Nd7_ _
o)™ (42)

_Texp(ip)

N
14+ Texp(zgo) ‘

(N — t)(sm po)™



Necessity of Sourcewise Representation 67

00
[
1

_Texp(ip)
1+ 7 exp(iy)

00
— [
1

N
‘dT:

1
1+ Texp(ip)

1 \N T
(1 + — ) /T_t_ld’T =
sin g
1
1 1 \V
sin g

As a function Z(t) we can now take the sum of expressions from the right parts
of (42) and (43). Also, observe that for all p € (0, N] and ¢ € (0, p),

dr <

Ly

(43)

IN

li —t—1 <
ro / ’1 +¢ ’dq =
'y (exp(—iwo),exp(ivo))
rt— 1+N 2800r_t+N
<lim ——~ =lim ——— =
SIS AN / de] = g % =0
I (exp(—iwo),exp(ipo))
li —t—1 dcl <
e [ | e
I'r(exp(—ipo),exp(ivo))
R
< lim T —— =
S g R <R—1> / el
[ r(exp(—igo),exp(ivo))
N
= lim 2poR"( 5—) =0
1“0 (R— 1)
Thus Condition 2.15 is satisfied for each p € (0, N]. g

Lemma 2.5. Let g € (0,7/2). The function (1.23) satisfies Conditions
2.6-2.8 and 2.11-2.15. Condition 2.7 is valid for each py > 0. Conditions
2.11 and 2.14 are satisfied for all Ty, sg > 0.
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Proof. Since the function (1.23) is analytic on the all of C, Condition 2.6 is
satisfied with D, = C. We put I', = 74, a € (0, ap] and denote

(1)

Yo’ = Lagalexp(ivo), exp(i(2m — ¢0))),
7§ = Try(exp(—igo), explipo)), 4
78 = Tdga, re) (exp(i0)),
Y = T (goa, ko) (exP(—it0))
sothatT', = 7&1) U 7&2) U 7&3) U 7&4). For all p > 0, « > 0 we have
/!1—@(% Q)AAPTHdA] = / | exp(—a” IA)|IAPTHdA| <
To o
< [ el AP aA+
78"
+ [ exp(-a N eos ol an+ [+ [
ue MO
The integrals over ’y((xl) and 7&2) are estimated as follows:
[ expla DA aN| = expldo)dy ot [ 1] =
e e (45)
= 2(m — o) exp(do)dga?,
[ expi=a~ A cos ea) AP =
NG
-1 p—1
exp(~a” Rocoso) B [ 1 o)

8
=2p R} exp(—oflRo cos¢p) < csab;

c5 = 2o Ry sup (oz_p exp(—a 'Ry cos 900)) :
a>0
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Using the substitution ¢ = o~ " |\|, we get

/eXP(ofll/\ICOSwo)l/\lp_lld/\! =

+P)
Roa_l
=af / exp(—t cos o )tP~1dt < (47)
do
Roa~ 1 cos ©o
p T p
< > exp(—7)P ldr < ﬂ.
(cos g)P (cos ¢g)P

do cos o

Recall that I'(-) denotes the Euler gamma—function. The integral over 7( ) is
estimated analogously to (47). At last, we note that (45)—(47) are satisfied for
each p > 0. This completes the check of Condition 2.7.

The integral from Condition 2.8 has the form

O\, a)l
———2|d)\| =
[
Lo
(48)
= / ]/\|_2]1—exp(—a_1/\)Hd/\\+/+/+/.
5

7(2) 7(3) 7(4)

[e [e [e

For all « € (0, o),

J/|A|ﬂ1-expp—a1A)HdAy§
(1)
Yo

(49)

o Ltexp (do) / ) = —0)(1 4 exp(do))
o d2 2 () doOt ’
1

- - 2 4pog
A2 - —1AM<—/M<—— 50
[ E ool < g [lan < FR00 (s0)

e
Ro 5
/|)\|_2|1—exp(—a_1)\)||d)\| 32/|/\‘2d|)\| <2 5
doOz
,yé?)) doa

An estimate similar to (51) is valid for the integral over 7&4). From (48)—(51)
it follows that Condition 2.8 is satisfied.
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Since

|1 =0\ )|
sup / dA
ae a0,+oo ( ‘)" ’ ‘
= sup /|exp ‘\d)\]
a€lag,+00)
< sup eXp / 1A
a€lap,+o0)

2(7T + 1) Ro exp(do)
= i
d0a6+

V1 >0,

Condition 2.11 is fulfilled with an arbitrary 79 > 0.
The check of Conditions 2.12 and 2.13 creates no difficulties.
The function (A, «, €) from Condition 2.14 has the form

Y\ a,e) = exp(—a~te) — 1.
Since dgag < Ry, we have

-1
/W))\as ) = / exl‘)g\’a 8)\d)\|:

Yo

<7r +1n dR—> (1 - exp(—a~'e)) = M(a,e).

f1]e}

Therefore (15) is true for each sy > 0. Moreover,

() () X
M 1-— —a~
/ asd _2<7T+1 ﬁ)/ exp(—a g)deg
d €
0

aals(l) a—1le()

§2<w+ln£—‘;>< / ”exfwdw / 1‘%"“”&)3

0 aale(l)

aste@

0
1— _
<2<W+1n&><06+1n%>, e = / Mdt.
dOOé o t
0

It follows that (16) is fulfilled for each sg > 0. The check of Condition 2.14 is
complete.
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Let us turn to Condition 2.15. The function

9(¢) =1 = O(AA)A = exp(—()

is analytic on an open set int K (¢(,) D K (¢0)\{0} for each ¢, € (¢, 7), and
g(¢) doesn’t depend on A. Let ¢ € (0, p) with some p > 0. We obtain

o0 [e.e]

/ 1 g(7 expli)) dr = / 7 exp(—7 ! exp(—i))|dr <

0

[e'¢) 1
< /T_t_l exp(—7 ! cos @g)d /7’ Lexp(—771 cospo)dr+  (52)
0 0

(e}
+ /T_t_l exp(—7! cos o) dr.
1

The integrand of the first summand in (52) is bounded and doesn’t depend on
. The second summand is estimated by the integral

o

/T_t_ldr < 00,

1

which is also independent of (. Hence the inequality (22) is valid. In addition,

[ e <
' (exp(—iepo),exp(ico))
< lim 7! [ ek sl = 69

' (exp(—iepo),exp(ico))
= liH(l) 2001 L exp(—r "t cosp) =0Vt € (0,p).
rTr—

Besides, for each t € (0, p) we have

R—o0

lim R / 9(0)l1d¢] <
' r(exp(—iwo),exp(ivo))
< lim R exp(~R ! cos pp)ld¢| < (59

I' g (exp(—iwo),exp(ivo))
< Rlim 2p0R~" = 0.
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From (53) and (54) it follows that Condition 2.15 is satisfied. O

The following statements are direct consequences of Theorems 2.10, 2.15
and Lemmas 2.4, 2.5.

Theorem 2.16. Let (2.5) be satisfied and ©(\, o) be the function (1.18) or
(1.23). Assume that p € (0, N] in the case of (1.18) and p > 0 in the case of
(1.23). Then estimate (5) is valid.

Theorem 2.17. Suppose (5) is fulfilled and ©(\, &) is the function (1.18) or
(1.23). Let p € (0, N] in the case of (1.18) and p > 0 in the case of (1.23).
Then (1) is valid.

Let us proceed to consider examples of generating functions © (A, o). By

O1(\,a) = %(1 —(1- MO/\)l/a)

=51 (32))

we denote the functions from Example 2.4. At the point A = 0 these functions
are defined by continuity (see (1.29)). Let us modify Condition 2.6 by setting

and

Ko (Ro, do, po) = K(Ro, po) U S(min{fiy, doar}),

where 0 < 1y < min{ Ry, po}. It can easily be checked that all the results of
Section 2.2 remain valid.

Lemma 2.6. /) Let ¢y € (0,7/2) and

min{2 cos g, 1}
Ry '

0<po<

Then the function ©1(\, a) satisfies Conditions 2.6-2.8 and 2.11-2.14.

2) Let oy € (0,7/2) and pg > 0. Then the function O2(\, «) satisfies
Conditions 2.6-2.8 and 2.11-2.14.

In both cases, Condition 2.7 is valid for each py > 0, Conditions 2.11 and
2.14 are satisfied for all Ty, s > 0.

Proof. The check of Condition 2.6 is obvious.
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LetT'y = Yo, @ € (0, ag], where without loss of generality it can be assumed

that 0 < ap < dyy lﬁo. According to (44),
Ta =78 U@ U U,
For each p > 0 we have
[ =P = [ 1= oA <
ne ne

< [ el e =

L) (55)
= (1 + podoa)V/dh " aP~1 / ldA| <
A
< 2(m — o) exp(ugdo)dgap.
In conditions of the lemma, for all o € (0, o] there is
1— oA < <1 YAaeq. (56)
By (56) it follows that
[ 1= oAy <
(2)
Yo (57)
< qi/aRgfl / |[dA| < cza®? Vo € (0, ),
8
where
cr = 2Rgcp0 sup (qi/aofp).
a€(0,a0]
On the other hand,
/ 1= poA[ AP =
ue
Ry
= [ (1= 2Nl cos o + ENDVCINP AN = s
doa

Roa_l

=a? / (1 — 2ppat cos o + p2a?t?)Y/ 2 p=1qy,

do
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The second integral in (58) was transformed by the substitution |\| = ta. Dueto

the upper restriction on /i, there exists 11 > 0 such that for all ¢ € [0, Roa™ 1],
1 — 2ppat cos g + u%aQtZ <1-—pat.

Therefore the last integral in (58) is estimated by a constant uniformly in o €
(0, ao]l

Roa™!
/ (1 — 2upat cos po + u%a2t2)1/(2a)tp_ldt <
do
Roa™? o)
< / (1-— ,ulozt)l/(m)tp_ldt < /exp(—,ult/Q)tp_ldt < 00.
do do

The integral over ’y((j‘) has the same estimate. From (55), (57), and (58) it follows
that the function ©1 (\, «) satisfies Condition 2.7 for each py > 0.

Now let us consider the function ©5 (A, ). For each p > 0 and sufficiently
small cvg > 0 we have

1—05(), AAP—ldA_/ Ho
[ 1= eaamirtan = |-
(1) 7&1)

d Ve
A B L E 7

1/a
\ APTdA| <

ue

d
< s

po — doc

Besides, there exists a constant g2 such that

>dgap Va € (0, ap).

Ko

ia| Se<l VAE P UAP U Vae (0,a0l  (60)
0

[0}

From (60) it follows that the integral of |1 — ©2(\, a)A||A[P~! over 7&2) is

estimated analogously to (57). For the integrals over 7a3 and 7&4) we obtain
1/a
J 2] e <
Ho + A
NG
R

< /0 AP~ dl\, k=34
= (1 +2py A cos o)t/ (2e) T e

doa



Necessity of Sourcewise Representation 75

The last integral, as the expression in (58), is of order O(a?), v € (0, ap].
Therefore the function ©3(\, ) satisfies Condition 2.7 for each pg > 0.
Let us remark that in conditions of the lemma,

11— oA <1 YA€ Uy uql

o YV
Hence from (60) we get
O;A\ @A <2 VAP U ual) (j=12).  (61)
Consequently,
(A d\
Y2 AP
Furthermore,
[l 20 2
A ‘)\’2 Ry = Ryo ’
Ve
A fda 1
'ygk) doa

In addition, we obviously have

|®1()\,O&)| / 1 (1 ,LLU|>‘D1/a

7(1) 5 1
1/ _
< 1+(1 +2M0d0a) / dA| < 2(1 + exp(podo)) (7 — o)

ue

and, analogously,

02(), a)| / 1 4o
———|d)\| < — | 1+
/ DY e o + A

1/a
> |[dA| <
'}’zgzl) 'Y&l)

1 doOé 1/a
< 1 1+ ——— d\| <
_d3a2<+<+,ugdoa> )/\ | <

P

doc po — doag
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The last two estimates prove that Condition 2.8 is valid for both functions
O\ a),j=1,2
Using (55)—(61), we get

1-—
sup /’ |]d)\] <oo Vr>0 (j=1,2).
a€lag,00 ‘)\’

Hence the functions © (), «), j = 1, 2 satisfy Condition 2.11 for all 79 > 0.
The check of Conditions 2.12 and 2.13 is trivial.

At last, let us analyze Condition 2.14. According to (11), the functions
Y(A, o, €) corresponding to O(\, o) = O;(\, @), j = 1,2 have the form

c l/a c 1/a
Y1\, a,€) = (1— — ) -1, ¥\ a,e) = (1—7> —1.

MO —>\ MO+)\+E
‘We denote
€ €
Ne)=1— ————, ANe)=1— ——
a(he) ual—)\ (A €) o+ A+e
and set

pi(Ne) =zi(N\e)l, @i\ e) =argzj(\e), j=1,2.

Elementary geometric considerations prove that for sufficiently small M >0
we have

1—cge <pj(Ae) <1 —cge, |pj(Ae)[<croe VAEYL Va>0

ve e (0,eM] (j=1,2)

with the constants cg, ¢y, and ¢ independent of A, a, £, 5. Since |sint| < |¢|,
this yields

5 ene)l = ‘1 h (pj(A,e) eXP(Wj()\,E))>1/a

:(1 / “(A s)cosy )\€>1/2

= ((1 1/a()\ E)) +4p1/ (A, €) sin? /\ )
(

Sl—p}/a()\a)+2p/( (A, )sm

<1l- (1 — 686)1/a + cipa 5(1 - 095)1/(211)
= M(a,e), j=12.
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Consequently,
|’(/Jj A\ a,e)] |d)\|
l[dA| < M(a €)
/ A AT
Yo
— Ry _
= 2M(a,5)(ﬂ'—|—ln—) = M(a,e); j=1,2.
d()a

Therefore condition (15) is satisfied. Furthermore,

(1)
Mo, e
( 9y )dSZ
15
0
(1) (1)

_ _ 1/a _ 1/(2a0)
doc € «
0 0

Now we need to estimate the integrals in the right part of this expression.
Suppose eV satisfies 1 — cge™) > 0; then setting ¢ = 1 — cge, we get

e Y 1 Y 1 Y
1—(1— a 1— tl/e 1 — tl/e
/ (L—cse) ™, _ / dt < / dt <
5 1—1¢ 1—¢
0 1—(;85<1) 0
< 611(1+ ]lna\),
) 1/(2a)
(1 —coe) /T 2 (1)y1+1/(20)
T = — 2 (1-(1- ) <
0/ ! c co(2a0 + 1) ( (1= coe™™) ) -
9 2

<—— < — Va>0.
T (2a+1) T ¢ “

Hence Condition 2.14 is satisfied for both functions © (), a),j = 1,2. O

Since the functions O1(\, ) and O2(\, ) don’t satisfy Condition 2.15, a
proof of possible analogs of Theorem 2.15 for these functions requires additional
analysis. We recall that in the case of O(\,a) = ©,(\,a),j = 1,2, the
approximating elements x,, in (2.2) are evaluated only for & = a,, = n~!,n €
N. According to (1.30)—(1.31),

9

1
=2, a==
n
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where z(9) = ¢ and

2 =W — (A — f) (G =1), (62)
(o E + A)z* V) = poa® 4+ f (j =2); (63)
k=0,...,n—1.

The following theorem is a direct consequence of Theorem 2.10 and Lemma
2.6.

Theorem 2.18. Let conditions of Lemma 2.6 be satisfied. Suppose (2.5) is
fulfilled and approximations =™ are defined by (62) or (63). Then there exists
a constant | > 0 such that

l
\@W—mwxgﬁp neN. (64)

We are now in a position to prove a converse result for Theorem 2.18.

Theorem 2.19. Suppose estimate (64) is fulfilled with (™) defined by (62)
or (63). Assume that Condition 1.1 is satisfied with po € (0,7/4). Let

3— /25— 16v2

0< <
Ho 2Ry

in case of the process (62), and pg > 0 for the process (63). Then (1) is valid.

Proof. First of all, we shall prove that (64) implies inequality (5) for all
a € (0,a1](an = 1) with p replaced by an arbitrary p € (0,p) and with a
coefficient [ = [ depending on the chosen p. Given «, 5 > 0, we denote

1-0;(A\ )\

Xj(A, o, B) = T=6,0\ AN

AEC, j=1,2.

Pick numbers p € (0,p),n € N, and o € (11, ], where o, = n~L. From
(3) we obtain

[za — 2*||x = [I(E = ©;(A4,a)A)(§ —27)|x =
= [Ixi(A @, an)(E = ©;(A, an) A)(§ — ") x <
< [Ix; (A, @, an)l|x)l2™ = 2%l x <

<1207 (|1 (A, @ an) )b 7). 5= 1.2,
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Arguing as in (55)—(60), we conclude that the chain of inequalities

(A "
A anlon < 32 WWK

< cip(l + [Inag|), j=1,2

is satisfied uniformly in o € (a1, @), n € N. Thus for all numbers

(ORS (0,0&1] = U (an+1,an]
neN

we have

|q — 2| x <1aP, 1= 12127 sup <aﬁ71’7(1 + llnan|)> < 0.
neN
This proves our assertion.

Lemma 2.6 now implies that in conditions of the present theorem, all the
results obtained in the proof of Theorem 2.15 until equality (20) remain valid,
and (20) is true with p = p. Consider the first internal integral in (27). Using
the change of variables o = 771\, we get

o0

/a‘ﬁ_H’“‘(l—@j(A, a)N)da =
0 (65)
= APt / PRy (N A, =1,2,
AN

where, by definition,

w(A) =1 oA, uz(N) = Ho“j X

a7 = exp( T,

and In is the branch of the logarithmic function characterized by In 1 = 0.
Fix a number x € (0, p). We shall prove below that

N A Pk
/ TP () dr = (— ) P(H—r), j=1,2
Inw; (A
AN i) (66)

VA € K(Ro, v0)\{0}.
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First, let us show that foreach A € K (Ry, 7/4)\{0} and j € {1, 2}, the integral
/ Tﬁ_l_KUj()\)T/AdT (67)

A(p)

doesn’t depend on a choice of € K(m/4)\{0}. We shall establish simulta-
neously that the order of integrals in (20) can be changed.
As an auxiliary result, let us prove that

lnu~()\)> ( ™ 7T>

1"g<—4 e\ =

A 44 68)
7r

VA € K<R0, Z>\{0}, j=1,2.

For arbitrary A = r exp(ip) € K(Ry,7/4)\{0} we have

arg(—h““;“)) — arg(~Inu (V) — 9 =

-1 :
= arctg <—2 (ln(l — 2upr cos ¢ + ,u%rQ)) arctgw> — .
1 — porcosp
The inclusion (68) will follow by the estimates
tg[ =+ <
e\—y %
—1 3
< =2 (ln(l — 2poT cos ¢ + u%r2)> arctgw < (69
1 — porcos

™ m™ T
<tg<z+cp> Vr € (0, Ry V@G(—Z,Z)

Due to the conditions on g,
1 —2pgrcos ¢ —I—,u(2)7“2 <1l Vpe <—%, %)

Hence the left inequality in (69) is obvious for ¢ € [0, 7/4), and the right one
is valid for p € (—7/4,0]. If ¢ € (—7/4, 0], then the left inequality in (69) is
equivalent to

—1 3
—2<ln(1 — 2uor cos |¢| + ugr2)> arcth <tg " ol |-
1 — por cos |¢| 4
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Thus it remains to justify the right inequality in (69) for ¢ € (0,7 /4). Taking
into account that arctgt < ¢t V¢t > 0 and In(1 + ¢) < ¢ V¢t > —1, we obtain

1 .
2 (hl(l — 2por cos ¢ + M(Q)Tz)) arctg—0 e
1 — porcosp

o7 sin ¢
1-— uofr Cos ¢

(—2por cos o + ugr2)_1 =
-1 (70)
= 1+,u0 — por| cos g + tgp <
2 2cosp

p3RA 1 -1
14+ 7950 igRy( cos o + tgp.
2 2cosp

<=2

The last inequality in (70) is true, since uor < poRo < 1 and for each ¢ €
(0,7/4), the function

=1+ + L)
= — — | cos
! 2 ? 2cosp

is decreasing in ¢ € (0, 1). Using the upper restriction on ziy we deduce

12R2 -1
oG 1
1 + — poRg | cosp + tgp <
2 2cos

W2RZ 3 -
<1 4 F0%0 §M0R0> tgp < (3+2V2)tgp Vp € (0, %)

Direct calculations prove that the last inequality in this chain turns to the equality

when pRo = (3 — /25 — 16v/2) /2. It is readily seen that
1+t
(3+2V2)tgp < 8% _ tgG + <,0> Yy € <0, %)

1 —tgp

where the coefficient 3 + 21/2 can’t be increased. With (70) this implies (69)
and (68) for j = 1.
For the function ug(\) we have

4—%) — arg(~ Inuw (V) — ¢ =

r? smcp
= arctg In{ 1+ 2— cos @ + —2 arct — Q.
I ,uo +rcosep
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As above, it is sufficient to prove that for all ¢ € (0,7/4),

27\ —1 :
2<ln<1+2lcosg0+r—2>> arctgﬂ <tg<ﬁ+cp>.
o M o + rcosp 4

From the inequality

it follows that for each pg

2\ \ —1 .
2<1n<1+2£ cos ¢ + T—2)> arctgﬂ
0 M Mo + T COS

2rsin @ r2
< 1+2—cosg0+ 2—cosg0+
Mo + T COS 0 15

2 1 2
—2<1+2—cosg0+ ><2—|—2L<coscp—|— >+—2> tgp <
1o It 1o 2cosp o

2(1 +7/po)? (W > ™
< tgp < 2tgp < tgl| — + YVoe | 0,— ).
2+ 2v2r o + (r/m)? oF 177) 1

This completes the proof of (68) for j = 2.
It can easily be checked that

7 = e () = a0
where
a;j(\,7) = exp <Reln 4 () eip(i are T)>, j=12.
Since in (67),

|arg 7| = argp| < 7.
from (68) we get

aj(\T) <@gz =gq3(p) <1, j=1,2
1
VA e K(RO, %)\{0} Vr e A(M)7 an

whatever . € K (7/4)\{0}. Indeed,

007 = 5[50y A0 )

In u](/\)
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where
Inwuj(A)
A

in ’ >0. j=12 (72)
XeK(Ro,n/4)\{0}

Besides, (68) implies

are <ln uj(A) e;\(p(iargr) ) - <_ In u;;(/\)

) + 7T+ argT €
(73)

3T
€ (— - |argu| T4 | arg,u|) VA e K(Ro, g)\{()}

Using (72) and (73), we immediately obtain (71). By (71) it follows that for
each ¢, the integrals in (65) exist uniformly in A € T'(®) () (see (19)). With
(21) and (26), this justifies a change of the order of integrals in (20).

Again turning to integral (67), suppose p € K (m/4)\{0}; then we get

lim / PRy ()T Adr| < lim / I[Pt a (A, 7)1 dr| <
T (1,1) Fr(l )
<l Pty [ jdr] =l P gfarg] =0, =12
Ir(1,p)
(74)
In the same way,
lim. / R (AT | <
Pr(1,u)
< lim RP1Rgf / dr| = (75)
Tr(1p)

= hm RP~ “q largu| =0, j=1,2.

Since the function 77~ ~*u;(\)™/ is analytic in 7 on K (R, 7/4)\{0}, we

have
[t [ [ o f o

L' ry(1) Fr(Lp) Tery(w) Tr(
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Passing to the limits as » — 0 and R — oo, with the use of (74) and (75) we
obtain

/ Tﬁ_l_”uj()\)T/)‘dT = / Tﬁ_l_“uj(/\)T/)‘dT, ji=1,2.
Ap) A1)
This equality proves our assertion concerning independence of the integral in
(67) of u € K(m/4)\{0}.

We denote

B;() = 4—%) Ne K(Ro.go)\{0}, j=1.2.

According to (68),
T
Pj(A) € (_Zv Z)

and hence there exists u € K (7/4)\{0} such that

A(exp(—ig;(N))) = Ap)-

Taking into account that the integral (67) doesn’t depend on p € K (7/4)\{0},
with the use of substitution
TInwuj(N)

t=
A

we obtain

= /Tﬁ_l_NeXp<lnu§(A)T>dT:
AN

C [ e () i

Afexp(—ig;(X)))

A =R .
=<—1nujm) P(F— k) VAe K(Ry g0}, j=

The equality (66) is proved.

1,2.
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Setting in (27) p = p,a = 7!\, t = A\ and using (65), for all x € (0, p),
J € {1,2} and sufficiently small ¢ > 0 we get

Al = DG [ Am“( / a—ﬁ—l+ﬂ<1—9j<A,a>A>da>-

'©) (o) 0

(/tp remel L N)T 1dt>R(A,A5)(x*—§)d/\:
0

= D(p, k) / Am+1<x5+“

75—1—%(»7/%7) .

(&) (o) AN
-(Aﬁ-”—m—l / cﬁ—“—m*(l+<>—1d<>R(A,AE><x*—£>dA=
AN
—DERHER) [ hORO A" - dN
I (o)
Therefore, ~
APR®) = E(p, k)hj(A:)(a* = €). (76)

Here, we have introduced the following notation
E(p, k) = 2miD(p, k) H (p, k),
hi(\) = / PR () A, G =1,2

A(N)
According to (66),
A\
hi(\) = (—m> p—k), 7=1,2; X#N0.

Let us extend the functions h;(A),j = 1,2 to A = 0 by continuity putting
h;(0) = )l\in% hj(X) # 0. If 8o > 0 is sufficiently small, then the extended

functions h;(\), j = 1,2 are analytic and have no zeros in a dp—neighborhood
Os, = {z € C : dist(z, K(Ry, o)) < do}

of the sector K (R, ¢o). Let og be a contour that lies in this neighborhood and
surrounds the neighborhood Oy /5 of the same sector. Since

hi(A) £0 VA€ Oy,
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the functions 1/h;(X), j = 1, 2 are analytic on Os,. From o (A.) C K(Ry, ¢o)
we conclude that the operators

1

21
00

are well defined. By (76), using (1.1.5) and (1.1.9), we get

hj(A:) ™t = hi(\) 'R, A)dA € L(X), j=1,2

ARy (A) T ) = hy(A) AR W) = BB k) (27 - ). (T7)

Following the scheme of the proof of Theorem 2.15, consider a sequence {e,, }
such that

en <2 lime, =0, lim |wEn) —w,||x = 0.
4 n—o0 n—o0
Let us prove that
lim [[AR~"hj(Ae, ) twEn) — APRh(A) | x =0, j=1,2. (78)
n—oo
We have the chain of inequalities

1AZ "R (Ae,) " e — AP hy(A) " w | x <

< || A2 "hi(As,) 1HL(X)|!w§") — welx+
HIAZ Fhy(Ae,) ™ = AP R (A) o lwellx <

< ”Ag,:HHL(X) (th(Aan)il - hj(A)ﬂHL(X)—F (79)
15 (A) 20 ) o) = willx+

AR oo 1 (Ae, ) ™ = Ry (A) ™o lwel L x+
+ JAZE — AP oy g (A) 7 o llwe ] xc-

In (79), the multiplier || A2 ||, x L(x) is bounded as n — oo. Besides, by Lemma
1.1,
lim [|AZ" — AP7%|| x) = 0.

n—oo
To conclude the proof of (78) it suffices to establish the equality
Tim [ (Ae, )™ = hi(A) i) =0, j=12. (80)

Since &, < dp/4, the points A\, A — &, lie outside K (Ry, ¢p) when A € oy.
From Condition 1.1 we then obtain

C
1RO, Al o) € T

C
W IR = en, Allnx) £ o VA € 00.

A —en]
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Furthermore, 5 5
0 A—en| > ZO VA € o9,

and the compactness of o 1mplies |hj(A)| > c14 > 0 VA € 0g. Conse-
quently,

15 (Ae) ™ = hy(A) lx <
/ ()] RO Asy) — RO A 10|\ =

A=<

- / ()] RO = e 4) — RO A0 |dA] =

= ﬁ/’hg‘(A)llllR(A _E”’A)R()VA)HL(X)WM <

™ /
< n < n dA| = ny
e /|A||A el ] < oo [ 1Al = ere

g0

j=1,2.

Therefore the equalities (80) and (78) are valid. Setting in (77) € = €, and
passing to the limit as €, — 0, due to (78) we get

APy (A) " w, = B(pk) (2 — ).
Thus with the notation

URJ = E( ) 1h (A) Wi, ]: 1727

we obtain ~

AP Ry, s =a" =&, (81)
Since k € (0,p) can be chosen arbitrarily small and p € (0, p) can be taken
arbitrarily close to p, the equality (81) completes the proof. ([l

Remark 2.8. The coefficient of R, !in the formulation of Theorem 2.19
equals approximately 0.729. ... Therefore the conditions of this converse the-
orem are slightly stronger than those of the original Theorem 2.18 regarding
both the angle ¢ and the stepsize .



Chapter 3

PARAMETRIC
APPROXIMATIONS OF SOLUTIONS
TO NONLINEAR OPERATOR EQUATIONS

In the contemporary theory of ill-posed problems, the linearization formal-
ism is an extensively used tool popular both in itself, as an effective instrument
of theoretical analysis of mathematical models, and as a basis for various numer-
ical methods. From the formal point of view, linearization procedures can be
used to the same extent in regular and irregular cases; the linearization technique
only requires that operators of the problems be sufficiently smooth. However
in the irregular situation, unlike the regular case, it is in general impossible to
justify the closeness of approximations generated by the linearization proce-
dures to a solution of the original nonlinear equation. Besides, a substantial
impediment to the use of classical linearization schemes in the irregular case
is that solvability of obtained linearized equations can’t be guaranteed. In this
chapter we present and study several modifications of the traditional lineariza-
tion formalism and show that the modified schemes are applicable to nonlinear
irregular equations. For this purpose we invoke the technique of parametric
approximations of solutions to ill-posed linear equations developed in Chapter
2. We emphasize that our approach doesn’t require the solvability of linearized
equations. Section 3.1 is devoted to a brief description of the classical lin-
earization technique when applied to smooth nonlinear operator equations in
Hilbert and Banach spaces. In Section 3.2 we present several modifications of
the classical linearization schemes and establish error estimates for proposed
parametric approximations of nonlinear irregular equations. In Section 3.3 we
address to a characteristic example of a smooth irregular problem, for which
the previously developed formalism is well suited. This is a 3D inverse acous-
tic scattering problem serving as a model for more complicated and realistic
inverse problems of this kind.
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3.1 Classical Linearization Schemes

Let us consider a nonlinear operator F' : X; — Xo, where X; and X5 are
Hilbert or Banach spaces. We denote

Qr(zo) ={zr € X1 : ||r —zol|x;, <R} (zo € X1)

and suppose F'(x) is Fréchet differentiable on Qg (xo) with the Lipschitz con-
tinuous derivative F’(z) so that

IF' (@) = F'()llixix) < Lle—yllx, Yo,y € Qr(zo). (1)

The object of our study is the problem of finding a solution to an operator
equation
F(z) =0, z€Qgr(zo) (2)

in a small neighborhood Qg (z¢) of the point zy € X;. Let 2* € Qr(x() be a
solution to (2). According to Taylor’s formula,

0= F(z*) = F(xg) + F'(z0)(z"* — x0).

Therefore it is natural to seek an approximation u of the unknown additive
correction x* — xq for xg solving the linear equation

F(xg) + F'(zo)u=0, wue€ X;. (3)

Assume that the operator F'(xq) : X; — X hasacontinuous inverse F’(zg) !
defined on the all of X». This is just the case where the original equation (1) is
regular, and the linearized problem (3) is well-posed. From (3) we then obtain

u=—F'(z0) " F(z0)

and come to the following scheme of approximating the unknown solution z*
to (2):
¥~ xg — F'(20) L F(x0). (4)

The error of this approximation method ||(zg + u) — x*||x, has the order
O(||a* — xol|%, ). Indeed, with the use of (1) and (1.1.14) we get

[(zo — F'(z0) "' F(z0)) — 2*||x, =
— Jl&* — 20 + F'(w0) " (F(0) — F(a"))||x, =
= [|F(20) " [F(x0) — F(a*) — F'(z0)(wo — 2)]llx, < ©

1 _
< §L”F/($0) L x 1o — 215, -

The above arguing can be extended to the case where the linearized equation
(3) is well—-posed in the least squares sense. In fact, suppose X1, X are Hilbert
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spaces and the operator F"*(x¢)F’(x¢) : X3 — X; has a continuous inverse
(F"™(x0)F'(z0)) ! defined on the all of X;. Then (1) is a regular equation
and an appropriate correction v for zo can be found from the well-posed least
squares problem related to (3):

min{||F(zo) + F'(zo)ull%, : u € X1}. (6)
In this event, instead of (4) we obtain the following approximation scheme:
z* & xg — (F™*(20)F'(x0)) " F™ (x0) F (20). (7)
The error estimate now takes a form similar to (5):
[fazo—(F" (o) F' (o))~ F"™* (o) F (0)] — ™[ x, <

1 /% / —1 /% %112 (8)
< SLICE (@o) E(20)) ™ F™ (zo)l| L(xa, x) o — 27,

In the irregular situation, when the problems (3) and (6) are ill-posed, the
approximations (4) and (7) lose their meaning since the ranges R(F’(x()) and
R(F"™(x0)F'(x0)) may be (and in practice actually are) proper not necessarily
closed subsets of the spaces X9 and X respectively. As an important example,
we point to the case where the derivative F”(x) is a compact operator. On the
other hand, compactness of a derivative is a rather typical feature for operators
that arise in inverse problems of mathematical physics ([17, 30, 42, 67]). Hence
to most of these problems traditional approximation schemes (4) and (7) are
not applicable.

It is well known that iteration of formulae (4) and (7) provides a foundation
for construction of rapidly converging numerical methods for regular equations
(2). Namely, denote the right part of (4) or (7) by x1; repeating the linearization
procedure at the point x1, in the similar way we determine the next approxima-
tion x2, and so on. In this manner we come to the classical Newton—Kantorovich
method

Tpy1 = Ty — F'(2,)  F(2) 9)

and to the Gauss—Newton method
Tptl = Tp — (F'*(azn)F/(a:n))_IF/*(xn)F(xn) (10)

The rapid local convergence of iterative processes (9) and (10) is guaranteed by
the continuity of operators F”(x) =1, (F™*(z)F'(z)) ™!,z € Qgr(z0) and by the
error estimates (5) and (8). In the irregular case, an effective and even formal
implementation of iterations (9) and (10) is impossible for the reason that in-
clusions F(x,) € R(F'(zy,)) and F"™*(z,)F(xy,) € R(F™*(x,)F'(x,)) can’t
be guaranteed. Below we shall see that in general irregular situation, the tech-
nique of approximation of inverse operators F’(x) ™! and (F"* (zq)F’(x0)) "



92 Parametric Approximations of Solutions to Nonlinear Operator Equations

by parametric expressions (2.1.3), (2.1.10), and (2.2.2) may be fruitful. Such an
approximation allows

1) to obtain for 2* local parametric approximations having error estimates
of order O(||z* — x||%;,) with p > 1; according to (5) and (8), in regular case
the error of approximations (4) and (7) has the order O(||z* — zol|%, )

2) to construct effective iterative processes applicable to irregular nonlinear
operator equations with arbitrary degeneration.

3.2  Parametric Approximations of Irregular Equations

Let us turn to equation (1.2). Suppose F' : X; — X3 is a Fréchet differen-
tiable operator satisfying (1.1), and X, X» are Hilbert spaces. From (1.1) it
follows that

IF'(2)lnx,,x0) < N1 Vo € Qr(xo); N1 = ||F'(20)lln(x,,x,) + LR

Let z* € Qpr(zp) be a solution to (1.2). Setting in (1.3) u = z — xg, 2z =~ =¥,
and applying the parametric approximation scheme (2.1.11) to the linearized
equation

F(xo) + F'(z0)(z —20) =0, 2 € Xy,

we obtain

2" z0(€) =

— &~ O(F* (20)F'(x0), a) " (x0)(F(w0) — F'(z0)(ao — €)). )

Formula (1) defines the two—parameter approximating family

{za(§) : > 0,& € X1}

The problem now is to minimize ||z, (§) —2*|| x, by variations of the parameters
a > 0and £ € X;. The following theorem is a starting point for the subsequent
analysis.

Theorem 3.1. Suppose (1.1) is satisfied and there exist a Borel measurable
Sfunction o(\), X\ > 0 and an element v € X such that

a* — & = @(F™ (20) F' (o) )v. (2)
Also, assume that
c1
sup  [O(\, a)VA| < —, (3)
AE[0,N?] Va

sup |1 — O\, a)A||lp(N)] < 2P Va > 0, (4)
A€[0,N3]
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where p > 0. Then

ClL
2./a

1za(§) = ¥l x, < lzo — 2™ (1%, + e2llvllx,0”, @ >0.  (5)

Proof. Since F'(z*) = 0, we have

F*(29) F(20) =F" (o) F'(w0) (w0 — 2°)+

6
P @)[F(w0) - Fa®) - Flao)(zo—27).
Now, by (1) and (6),
za(§) — 2" = —[E — O(F" (o) F'(20), ) ™ (x0) F'(z0)] (2" — §)—
— O(F" (20) F'(20), a) F"" (20) [F (x0) — F(2*) — F'(20)(xo — x7)].
(7
Combining (2) with (7) and using estimates (3), (4), and (1.1.14), we obtain
5). O

From the geometric point of view, representation (2) with ||v||x, < d means
that the element £ is supposed to lie in an ellipsoid centered at z* and with
diameter depending on d. If the operator ¢ (F"* () F’(x¢)) is not continuously
invertible, this ellipsoid has an empty interior. Notice that Theorem 3.1 doesn’t
require that operators F” (), F"*(xo) F’(x¢) be continuously invertible. Hence
this statement covers the case of irregular equations (1.2).

Remark 3.1. When the original problem is regular, we can simply set

_ !
=5,

Then (1) takes the form (1.7), and conditions (2) and (4) are fulfilled with
©(A) = 1, ca = 0. Therefore (5) leads to the classical error estimate (1.8).

O\ ) a=1.

The sourcewise representations (2) are most commonly considered with the
functions
e(A) = >0

(see Chapter 2). In that case all generating functions ©(\, o) from Examples
2.1-2.4 satisfy (4) with an appropriate exponent p. If, for instance, ©(\, a) =
(A + )71, then in the right part of (4) we have p = min{yu,1}. For the
approximating schemes from Examples 2.3 and 2.4, p = p whatever p > 0.



94 Parametric Approximations of Solutions to Nonlinear Operator Equations

Along with the controlling element £ € X7, the scheme (1) involves a free
numerical parameter o > 0. Minimizing the right part of (5) over a > 0, we
can determine an error order, potentially accessible by z, () in the irregular
case. The following assertion gives the optimal value of o and corresponding
optimal error order.

Corollary 3.1. Suppose conditions of Theorem 3.1 are satisfied and

L 2/(2p+1)
_< ] > o — a0,
Apeallvl x,

Then we have

120 (€) — 2*[|x, = O(||lzo — z*|| /1), (8)

It is readily seen that estimate (8) remains valid for each choice of « such
that

*42 1 4/(2p+1
H/ p+1) /( P+) (9)

esl|zo — < a<cylzo -2y,

From (8) it follows that taking p > O sufficiently large and making a choice
of £ and « subject to (2) and (9), we can approximate z* by z,(§) with an error
of order

120 (&) = 2*[lx, = O(llzo — 2™ [I3,%),

where € > 0 can be chosen arbitrarily small. At the same time, if the exponent
p in (4) appears to be less than 1/2, then Theorem 3.1 doesn’t guarantee the
error order better than O(||xg — z*||x,) whatever « be. Notice that the trivial
approximation x* =/ x( provides just the same error order. Nevertheless the
approximation (1) with an appropriate « can be essentially better than the trivial
one, provided the Lipschitz constant L in (1.1) is sufficiently small.

Another way to increase an exponent of the error order is to iterate the scheme
(1). As an example, let us discuss the following two—stage approximating
process

Ya(§) = £ = OF" (wo) F' (0), ) F" (o) (F (x0) — F'(wo) (x0 — £))), (10)
¥R 2o (6) =
= &= O(F" (20) F'(w0), ) F™ (20) (F (ya (&) — F'(w0) (ya(§) = €))). (11)

Compare (10)—(11) with the scheme obtained by the formal iteration of (1)
where expressions (10) and (11) are evaluated sequentially with x in (11)
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replaced by y,(§). Simple calculations prove that potentially accessible error
estimate then takes the form

120 (&) = 2*||x, = O(lwo — 27II%;%)

with arbitrarily small € > 0. At the same time, the doubling of the exponent
in this error estimate, as compared with the original method (1), is connected
with the proportional increase of computational complexity. Since in (10) and
(11) the same operators F”(xq), ©O(F"™* (x0) F'(x0), o) are used, the procedure
(10)—(11) is less expensive in the computational sense.

Theorem 3.2. Suppose y,(§) € Qr(x0) and conditions of Theorem 3.1 are
satisfied. Let z,(&) be defined by (10)—(11). Then for all a > 0,

lza(€) = @*lx, < 5 (@200 — "%, +a~ w0 — 2" %, + "
ol 0220 — o, + [ollx, 01+ [ollx, 022,

The proof follows by the equality
Za(§) — " = [E = O(F" (20) F'(x0), ) ™ (w0) F'(x0)](§ — 27)—
— O(F" (o) F" (20), a) F"* (o)-
[F(Ya(€)) = F (@) = F'(Ya(€) (ya(§) — 27)]-
— O(F" (w0) F'(w0), ) I (20) [F (ya (&) — F'(20)](ya(§) — 27)

and the estimate

17" (ya(€)) = F'(x0) |1, x2) < Lllya(&) — ollx, <
< L([[ya(&) = 2" [lxy + llzo — 27 x1)-
Minimizing the right part of (12) over o > 0, we obtain

Corollary 3.2. Suppose conditions of Theorem 3.2 are satisfied with p >
1/2. Let

C6||CCO T ||3/(p+1) <a< C7||.130 _SU*”i('/l(erl)-
Then
Hza(g) - 1‘*HX1 =O(||xo — = H?’P/ P+1)) (13)
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From (13) it follows that the iterated approximating scheme (10)—(11) with
an appropriate choice of £ and « can potentially (as p — oo) provide the error
order

120 (&) = 2*[lx, = O(llzo — 2*[|3;%), € (0,3).
Approximating properties of the scheme (1) can also be studied under smooth-
ness conditions on F'(x) somewhat different from (1.1).

Theorem 3.3. Suppose the derivative F' (), x € Qg(xo) is Holder contin-
uous, i.e., there exist constants y € (0,1] and L > 0 such that

1F'(x) = F'(Y)lnixi,x0) < Lz —yllx, Yo,y € Qr(zo). (14)
Let conditions (2)—(4) be satisfied and z,(&) be defined by (1). Then

c1L
12a(€) — *|lx, < ——mllzo — 2" ¥ + collvllx,0”, > 0. (15)

(1 +9)Va

The proof follows by (7) and the estimate

|F (o) — F(a*) — F'(20)(z0 — )| x, < lwo — 2* 157,

147y

which can be derived from (14) and (1.1.13).
Now, by (15) with an appropriate o > 0 we get

2a(€) — 2*||x, = O(|jz* — mo”?{(f-ﬁ-’y)l’/(?p—i—l)).

Hence the approximation (1) is better than the trivial one if yp > 1/2. In the
case where y = 1, this condition takes the above-mentioned form p > 1/2.

An extension of the presented theory to equations (1.2) in a Banach space
X = X; = Xy is not complicated. In this event, instead of (2.1.4) one should
use the parametric approximation (2.2.2). Thus we obtain the following Banach
analog of the scheme (1):

2" & 20(€) = € = O(F (o), @) (Flz0) — F'(z0)(x0 — €)), > 0. (16)

The next theorem establishes an error estimate for the approximation (16).

Theorem 3.4. Suppose (1.1) is satisfied, p(F'(xo)) € L(X), and
= &= p(F'(z0))v, veEX, (17)

I[E — ©(F" (20), ) F' (w0)] (F' (z0)) | (x) < csa?

1
Va >0 (p>0). (15
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Moreover, let a function g(«) be given such that
1O(F" (z0), @) Lx) < g(a) Vo> 0. (19)
Then

* 1 *
l2a(€) = #llx < 5Lg(@)llzo — "% + esllvllxa, a>0.

The proof follows immediately by (17)—(19) and the equality

2a(§) — 2" = —O(F'(20), ) [F(w0) — F(a") — F'(x0) (0 — z7)]~
~(E = O(F'(z0), ) F' (o)) (" — ).

In Section 2.3, for sufficiently wide class of generating functions ©(\, «) it
was shown that in the case where ¢(\) = M, > 0, and A = F'(x¢) satisfies
Condition 1.1, inequalities (18) and (19) are valid with g(a) = cga~! and an
appropriate p > 0. Given a function g(«), it is not difficult to derive an optimal
error estimate. If, for instance, g(a) = coa™!, then with an appropriate choice
of o we have

120 (&) — 2*[|x = O(||a* — o 22/ # V). (20)

This estimate in nontrivial when p > 1. From (20) it follows that potentially
accessible error estimate is

O(llz" = zol37), € €(0,2).

The reader will easily formulate and prove analogs of Theorems 3.2 and 3.3
for the case of a Banach space X.

Let us return to the proof of Theorem 3.1. It is readily seen that all the
assumptions on F'(z) used in the proof can be replaced by the single inequality
(1.1.14):

1
1F(wo) — F(2") = F' (o) (w0 — 2") | xz < 5 Lllwo — 1%,

This observation allows to extend Theorem 3.1 to operators
F:D(F)cC X — Xo,
not necessarily smooth and everywhere defined.

Theorem 3.5. Suppose ro € D(F) and an operator A € L(X;, X32)
satisfies the conditions

1Al Lx,,x0) < L
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* * 1 *
1F'(z0) — F(2%) = Alwo — 27)||x, < 5 Lllwo — 2 %, - (21)

Assume that
zr—€&=p(A"A)v, veX.

Let
2(€) = £ — O(A"A, ) A" (F(zg) — Alwg =€), a >0,  (22)

where the functions p(\) and ©(\, ) satisfy conditions of Theorem 3.1. Then
estimate (5) is valid.

We stress that the operator F'(x) in Theorem 3.5 is not formally constrained
by any smoothness conditions.
Concluding this section, we point to the following variant of Theorem 3.1.

Theorem 3.6. Suppose (1.1) is satisfied and there exist a Borel measurable
Sunction p(X), X > 0 and elements v, w € Xy such that

a* — &= p(F"(x0) F'(x0))v +w, [wlx, <A. (23)
Let (3) and (4) be satisfied, z, (&) be defined by (1) and

sup |1 -0\, a)A| <cip Va>0.
A€[0,N3Z]

Then

ClL
1za(€) = =[x, < m\lxo — 2|k, + e2llvllx, 0 + 0, a>0.

The proof results immediately from (6) and (7) . The weakened source-
wise representation (23) provides additional possibilities for optimization of
the choice of £. The optimal error estimate now takes the form

O(ll2* = wol3° + A).

3.3 Parametric Approximations in Inverse Scattering
Problem
In this section we analyze the technique of parametric approximations in
application to a 3D inverse scattering problem.
Consider a scalar inhomogeneous medium where sound waves propagate.
Assume that a time—harmonic compactly supported radiating source

F(r,t) = Re(f(r) exp(—iwt))
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induces in the medium a field of acoustic pressure
U(r,t) = Re(u(r) exp(—iwt)), € R3.

Then the complex amplitude u () of the field U (r, t) satisfies the equation [17,
30, 120]

Au(r) + E*(r)u(r) = f(r), r€R? (1)
3 9%u
Au = —
o 87"]2-

Here

k(r) = —=; (2)

c(r) is a sound speed at the point 7 € R? and w a given frequency of the
incident source. The functions ¢(r) and k(r) characterize acoustic properties
of the medium. When these functions are constant on the whole of space, that
1s,

)

c(r)=c >0, k(r)=ko= d
co

we have a homogeneous medium, and (1) becomes the classical Helmholtz
equation. The value

2 2
€ (r) 3
= = R
n(r) 20 k% , TE

is called the refractive index of the medium. Equation (1) should be accom-
plished by the Sommerfeld radiation condition

agg’) — ikou(r) = 0(%), p=lr| = oo, 3)

which guarantees that the wave U (r, t) is outgoing. If amplitudes u(r) are suf-
ficiently small and inhomogeneities vary slowly, then formulae (1)—(3) provide
a satisfactory quantitative model of time—harmonic sound waves in inhomoge-
neous media.

Suppose the sources occupy a bounded domain X C R? so that

f(r)y=0 VreR3\X,

where for simplicity f € C(R?). Also, assume that the inhomogeneity is
localized within a domain R C R? such that R N X = {):

c(r)=co>0 VYreR3\R, ¢(r)>c >0 VreR.
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Suppose that ¢ € C'(R?). The direct acoustic scattering problem is to find a
solution u(r) to (1)—(3) given the sound speeds cp and ¢(r), 7 € R. In the above
conditions, this problem has a unique solution v = u(r),r € R3 [30].

Below we shall analyze the following inverse scattering problem related to
equation (1): given cg, the sound speed outside the inhomogeneity R, and the
wave field u(r) for r from a region of observation Y C R3 suchthat Y N R = ),
determine the sound speed on the inhomogeneity, that is, ¢(r) for r € R. We
remark that the region of sources X and the region of detectors Y may intersect
or even coincide. Itis known ([43]) that a solution to this inverse problem is not
unique, in general. However the above given setting by a minor complication
can be transformed into a uniquely solvable problem. According to [43], it is
sufficient to consider a family of experiments with different sources

f(r):f(Q7T)’ q:1727“'7 TEX
and corresponding observations
u(r) =u(g,r), ¢=1,2,..., rey

rather than a single source and observation. Another way to obtain a uniquely
solvable version of the problem is to make experiments with a single source
f(r) but at several different frequencies w = wi,ws, . ... Nevertheless for the
brevity sake we restrict ourselves with the simplest setting and assume that the
experiment involves a single incident source f (7) radiating at a single frequency
w.

Using the notation

we can rewrite (1) as
Au(r) + k3u(r) = f(r) + w2e(r)u(r), recR3. (5)
By

(') = _exp (iko|r —r'[)

Ar|r — 1|
we denote the Green function for the Helmholtz operator
Au(r) + k‘gu(r)
under condition (3). Taking into account that (r) = 0,7 € R3\R, from (5)
and (6) we get the integral form of the direct problem (1)—(3):
u(r) = uo(r) + w? /F(r, e(ru(r)dr', reR3, (7)
R
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where

uo(r) = / D(r ) (), 7€ R, (8)
X

In order to obtain an integral form of the inverse problem let us write (7)
separately for points r =y € Y and r € R. We denote

W(y) =uly) —uo(y), yeY

and from (7)—(8) derive the system of two nonlinear integral equations:

o [ Pl e yule)ir = W), yeY: Q
R
u(r) — w2/F(r, e(ru(r')dr' = uo(r), r € R. (10)
R

In (9)—(10), the functions €(r),r € R and u(r),r € R are unknown, while
uo(r),r € Rand W (y),y € Y are given. When ¢(r) is determined, by (4) we
obtain the unknown sound speed as follows:

Co

c(r) \/?86(7‘)7 r € R.

Now suppose the function €(r),r € R is sufficiently small and consider a
formal linearization of the system (9)—(10). Equation (10) implies that the field
u(r) inside the scatterer R is close to the incident field uo(r),r € R. Therefore
we can put

u(r) = uo(r) + v(r)

and drop terms involving the product €(r)v(r). We obtain the following system
of linear integral equations for ¢(r) and v(r):

o [ D)t yuolr' )’ =Wy, y e Y (11)
R
v(r) — wz/F(r, Me(r'up(r')dr' =0, r € R. (12)
R

In physical literature, the system (11)—(12) is known as Born’s approxima-
tion to the inverse scattering problem. Approximations of this type find wide
applications both as a tool of theoretical analysis and as a basis of numerical
methods [25, 46, 50, 80, 109, 120, 122, 147]. However in most of the studies
where Born’s approximations are used for constructing numerical methods, rig-
orous theoretical justification for replacement of the original system (9)—(10)
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or its analogs by corresponding formal linearized problems is not carried out at
all, or the authors simply claim that such a replacement is physically realistic.

Let us note that the replacement of (9)—(10) with (11)—(12) is equivalent to
the linearization of (9)—(10) at (¢, u) = (0, ug) by the classical scheme (1.3). It
is readily seen that the operator F' of system (9)—(10) has a compact derivative
F’ in usual Lebesgue and Sobolev spaces. Therefore rigorous justification of
this approach to solving (9)—(10) is inevitably connected with the difficulties
mentioned above in Section 3.1.

Let us now apply to (9)—(10) the parametric approximation technique devel-
oped in Section 3.2. To this end, we set

X1 = LQ(R) X LQ(R), XQ = LQ(Y) X LQ(R) (13)

and define the operator F' : X; — X5 as follows:

F(z) = (wQ/F(y, re(r)u(r’)dr' — W (y);

R

u(r) — w? /F(r, e(ru(r’)dr’ — uo(r)>, (14)
R

r = (e,u) € Xy.

According to the properties of potential type operators [96], operator (14) is
well defined on the all of X;. Theorem 3.5 now gives an alternative way
of approximating a solution to the system (9)-(10). Put zyp = (0,up) and
x* = (€*,u*). It can be shown in the usual way that the Fréchet derivative of
F(z) at z( has the form

F'(z0)h = (w2/F(y,r’)e(r')uo(r/)drl;

R

v(r) — w2/F(r, T/)e(r/)uo(r')dr/>, h=(e,v) € Xi.

R

15)

We see that F’(x() coincides with the operator of formally linearized system
(11)—(12). Since ug € Lo(R), operator (15) is continuous from X; into Xo
[96].

Let us check that inequality (2.21) is satisfied with A = F’(z() and an
appropriate constant L. We supply X; and X5 with standard norms of Cartesian
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products. From (1) and (7) it follows that

P (a0) - Fa*) - Ao — 2)%, =

2
_ / T(or)e () (uo () — w* (| +
R La(Y) (16)
2
+ | [ TG e () (uo(r') — w* (') dr!
IZ La(R)

It is not hard to prove that the operators

meoz/rmWWWMﬁ yev;
R

(Agv)(r) = /F(r, Mo(r)dr', reR
R
are continuous from L;(R) into Ly(Y') and from L;(R) into La(R) respec-

tively. Denote by M; and My the norms of these operators. From (13) and
(16), using the Cauchy and Schwarz’s inequality, we obtain

|F (o) — F(a*) — A(zo — %)%, <
< W (M} + M3)|[€ (uo — w17, (g <
< W (MF + M3)[|€¥(17, rylluo — w17, (m) <

1
< ot (ME + M)z — o,

Consequently inequality (2.21) is valid with L = w?(M? + M3)/2. Hence to
approximate a solution of (9)—(10), we can use the parametric family

{2a(§)} = {(€a(),ua(§))}

defined by (2.22) with A = F’(x(). Theorem 3.5 and preceding discussions
provide conditions on the controlling parameter £ € Lo(R) X Lo(R) sufficient
for (2.5).

In many instances, by Born’s approximation to the problem (9)—(10) is meant
only the first equation (11) of the system (11)—(12). The reason is that equation
(10) allows to express the internal field u(r),r € R in terms of ¢(r),r € R.
After substitution of the resulting function u(r) = u[e](r) into (9) we get a
single equation for €(r). If we assume €(r) to be small and apply to the obtained
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equation the formal linearization procedure, then we come to (11) again. Let
us now apply to this equation the parametric approximation scheme (2.22). For
this purpose, we define the spaces

X1 = Lyo(R), Xy =Ly(Y)

and the operator F' : X1 — Xo,

F(e)(y) = o / Ty, " )e(r Yl (F)dr' — W(y), yeY,
R

where the mapping
u=ule](r), reR

is specified by equation (10). Recall that ug € Lo(R). Given a function
€ € Ly(R), define the operator

B, : Ly(R) — Lao(R);

(Bow)(r) = / D, )e(r'Yu(r')dr', 7 € R.
R
It is readily seen that B, is continuous from Lo (R) into Lo(R), and

| Bell L(La(ry) < Mall€ll Ly (r)-

Suppose
WM le] zary < 1 (17)

The application of Lemma 1.2 yields that for each ¢ € Lo(R), equation (10)
determines a unique u € La(R). Moreover,

olleaim < T o
2

< . 18
RS VA Py (18)

Consider the operator A € L(X7, X»):

(49(w) = [ Do )elr o',y €Y.
R
Let us show that A satisfies condition (2.21) with € (r) = 0. According to (9),
[1F(0) — F(e") — Ao — €) || Lo(v) <
< WMyl (uo — u*)llz, () < (19)

< WP M|e* || ocmy w0 — u* | Ly(r)-
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By (10) it follows that

(w*(r) —uo(r)) — w’ /F(T, e (') (w (1) — uo(r'))dr’ =

R

= w? C(r, 7" )e* (ruo(r)dr'.

Suppose the inhomogeneity is so small that
W Ma|€*|| Loy < 1.
From (17), (18), and (20) we then deduce

W2M2HU0||L2(R)||€*||L2(R)
1 — w?Msll€*|| L, ()

[w* —uollLyr) <

Combining (19) and (21), we obtain the required estimate:

IF(0) — F(e*) — A(eo — €)[|,(v) <
w M Ms ol (ry €117, B

1 —w?Ma|le*|| 1o(r)
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O3, ry)-

Condition (20) on the measure of inhomogeneity ||€*||7,(r) is consistent
with the fact that parametric, as well as classical, linearization schemes are
advantageous to use just in a neighborhood of the solution to be approximated.
Theorem 3.5 now establishes sufficient conditions for the approximating family

2a(€) = €a(£), £ € La(R) to satisfy (2.5).



Chapter 4

ITERATIVE PROCESSES ON THE BASIS OF
PARAMETRIC APPROXIMATIONS

This chapter is devoted to applications of the parametric approximations
formalism developed in Section 3.2 to constructing iterative processes for non-
linear irregular operator equations in Hilbert and Banach spaces. The design
of these processes is based on iteration of the schemes (3.2.1) and (3.2.16).
In Section 4.1 we propose a unified approach to constructing and studying it-
erative solution methods for nonlinear equations with smooth operators in a
Hilbert space. In the case of exact input data, rate of convergence estimates
are established. For equations with approximately given operators we present a
family of regularization algorithms characterized by a stopping of the original
processes at an appropriate iteration. A sourcewise representation condition of
type (3.2.2), with the solution z* in place of xg, is of first importance in the
analysis of these algorithms. In particular, it is shown that such representation
is sufficient for power rate of convergence estimates of the iterative processes.
We also establish stability of presented regularization algorithms with respect to
errors in the exact sourcewise representation (3.2.2), when a perturbed represen-
tation has the form (3.2.23). In Section 4.2 we prove that the power sourcewise
representation actually approaches a necessary condition for convergence of
the proposed methods at the power rate. Sections 4.3 and 4.4 are devoted to an
extension of the previous results to nonlinear irregular equations in a Banach
space. A sourcewise representation condition of the form (3.2.17), with xg
replaced by z*, plays an important part here. In Section 4.5 we present and
study continuous analogs of the iterative methods derived in Sections 4.1 and
4.3.
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4.1 Generalized Gauss—-Newton Type Methods for
Nonlinear Irregular Equations in Hilbert Space

In this section we study a nonlinear equation
F(z)=0, ze€ Xy, (1)

where the operator F' : X; — Xs acts from a Hilbert space X into a Hilbert
space Xo. Let z* be a solution of equation (1). Suppose F'(x) is Fréchet
differentiable on

Qr(z*)={z € X1 : ||z — 2*||x, < R}
and has a Lipschitz continuous derivative, i.e.,
1F'(2) = F'W)llcex,x) < Lz —yllx, Yo,y € Qr(a®).  (2)
From (2) it follows that there exists a constant /N7 such that
IF'(2)lLix,,x0) < N1 Vo € Qr(a™).

Let us fix a sequence of regularization parameters {a, }, a;, > 0 and an initial
point g € Qp(z*). Using the scheme (3.2.1) with @ = «( and taking the
obtained point z,, (§) as a next approximation x 1, we get the following iterative
process

Tpy1 =& — @(F/*($n)F,($n)a an)F/*(xn)(F(xn) - F/(xn)(xn —=£)). (3)

Hereafter, the iterative methods (3) are called the generalized Gauss—Newton
methods. The parameter £ € X; provides a tool for control over the process
(3). Suppose the complex—valued generating function ©(\, «) is analytic in \
on a domain D, C C such that

D, D [0,N?] Va € (0, aq].

This technical assumption doesn’t lead to significant lose of generality, as com-
pared with Section 3.2, since generating functions most popular in computa-
tional practice arise to be analytic (see Examples 4.1-4.5 below).

Suppose the sequence of regularization parameters {cv,} satisfies the fol-
lowing condition.

Condition 4.1.

O0<ant1 <anp, n=01,...; lim «a, =0;
n—oo

Qn

sup < 00.

neNU{0} ¥n+1
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For instance, we can set

&)

= e

ag,a > 0.

Let us introduce the notation
On,
r= sup .
neNU{0} ¥n+1

Subsequent analysis of the process (3) is based on the assumption that z* — &
can be presented in the form (3.2.2), where o(A) = A, p > 1/2, and x is
replaced by x*. Thus we shall assume throughout this section that there exists
an element v € X; for which

1
" — &= (F™* (") F'(z"))Pv, p> 3 (4)
We start with the case where the original operator F'(x) is accessible without
errors. Below, under appropriate additional conditions on ©(\, a), we shall

prove that the power sourcewise representation (4) implies the power rate of
convergence estimate

|zn — 2%||x, <laf, n=0,1,... (5)

with the same exponent p as in (4).
The following conditions in essence agree with (2.1.46), (3.2.3), and (3.2.4).

Condition 4.2. There exists c; > 0 such that

sup O\, a)| < 9 Vae (0, avg).
A€E[0,N?] @

Condition 4.3. There exist a constant py > 1/2 and a nondecreasing func-
tion co = co(p), p > 0 such that for each p € [0, py],

sup |1 — O\, )AN < ca? Va € (0, ag].
A€[0,N3]
Remark 4.1. Conditions 4.2 and 4.3 (with p = 0) imply

1
sup |0\, a)VA| < —  Va € (0, ag).
A€lo N va
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From here on, we suppose that representation (4) is fulfilled with some ex-

ponent p € [1/2, po).
Assuming z,, € Qg(x*), let us estimate ||z, +1 — 2*||x,. By (3) and (4), it
follows that

Tyt — 2" = —O(F" (20) F'(20), an) F™ (0)-

[Flan) = F(z7) = F'(z0) (2 — 27)]—

— [E = O(F"(a")F'(z7), an) F™ (") F' (&) |(F" (") F'(z"))Pv— (6)

— [O(F™ (&) F'(z"), o) F™ (") F' (")~

— O(F" (xn) F'(n), o) F™ (2) F' ()] (F™ (") F' () )Pv.
According to (2) and (1.1.14),

[F(2n) = F(2%) = F'(2n)(xn — 27)|x, < %LH% —2 %, (7)

Combining (6) with (7) and using Conditions 4.2, 4.3 and Remark 4.1, we
obtain

cL
|Zn+1 — 2% x, < NG
+ eaad o], + [[O(F™ (&) /(7). @) F* (2 F' ()~ ®
— O(F™ (20) ' (20), ) " () F ()| (F* (2 F' (27) P,
To estimate the last norm in (8), we need a family of contours {I's}ae(0,a0]

such that T, C D,, and T, surrounds the segment [0, N12] of the real line.
Also, suppose the following condition is satisfied.

5 —llen — 271X, +

Condition 4.4.
sup sup |A| < oo, (9)
a€(0,a0] A€l
A
sup  sup A+ p < 0. (10)
ae(0,a0] Aela |A— 4
1e0,NZ]

Denote by M; and M5 the constants from (9) and (10). Using the Riesz—
Dunford formula (1.1.6), we get

OF™ () F' (%), an) F™ (a™) F" (27)
—@(F’*(xn)F’(:zn )s ) F" (wn ) F' ()| (B (27) F' (27))Pol x, <

/|1— (@ ARG, F* @) F @)~ (D)

—R(A,F’*(ﬂcn)F( nI(E™ (27) F' (7)) x, [dAl-
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Further, we have
I[RA, ™ (™) F' (™))~
— RO\, F™ (@) F' () (F" (") F' ()P | L(x,) <
SNRO, F™ (20) F' (20)) F™ (20) | L0, x0) 1F (27) = F' (20) | L, x0)°
RN F™ (@) F(a7)) (F™ (2) F' (7)) | )+
F RO F™ (20) F'(20)) | Lxy 1 F™ (27) — F™ (20) | L, x0)
N F (@) RO, F™ (2) F/ (7)) (F™ (") F'(27) Pl L1, x2)-
(12)
Since z*, z, € Qr(z*), from (2) it follows that

[F™ () = F™ (2n) | L(x0,x1) =
= ||F'(z") = F'(zn) | n(x1,x0) < Lll#n — 27| x, -

Using the spectral decomposition technique (see Section 1.1), it is not hard to
prove that for each s > 0,

(13)

* * S M
IBOF* @F @) F@F @)l < Gimppay 04
| (@) RO F* (@) F' (@) (F (@) F' (2))° | xy x) <

M . 15)
< (1721} VAeTl, Vae (0,a] Vxe Qpr(z"),

where M3 = Ms(s). Setting in (14) s = 1/2,s = p,s = 0 and in (15) s = p,
we see that forall A € T',,, a € (0, o],
RN, F™ () F' (20)) F™ (20) | L (X0, x1) =
= |F'(zn) RO\, F™ (20) F'(20)) | (x40, x2) =

(16)
_ I (o ! x I (o ! x 1/2 M3(O)
= 1RO P @) ) ) ) Pl < 20
RO, F @OP @D 6P iy < ity (0
1RO F* @) P () o < 10 (19

[F (") RN, F™ (") F' (7)) (F™ (2") F' ()P L (x1,x2) < M3(p).  (19)
Let us denote
MPTY2 41, pef1/2,1),
My =
VM +1, p>1.
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Combining (9), (12), (13), and (16)—(19), we obtain
I[R\, F™(27) F' ("))~
=R\ F"™ () F' () )] (F™ (") F' (7)) || Lxy) <
. 1 1
< esMsL||xzy — ¥ x, <W + W) <

_ MMy — 2”3,
- X |

Inequalities (11) and (12) then yield
IOF™ (") F'(2"), an) F™ (a*) F' (") —
—O(F" (@) F' (0), ) F™ () F' ()} (F (%) F' (2) P x, <
(A, an)

) 1-0
< MMl o o, [ |

In connection with the last estimate, we impose on O(\, «) the following ad-
ditional condition.

Condition 4.5.
1-0(Aa)\
a€e(0,a0] . ‘)“
By (20) and Condition 4.5,

—O(F"™ (wn) F'(n), ) F"™ () F' ()| (F™ (27) F'(27))Pv]| x, < (21)

I[OF™ (&™) F'(z"), an) F™ (27) F'(2")—
"(z <
< es MsMyL||v| x, ||xn — 27| x, -
Combining (8) with (21), we finally obtain
L

2./0up,

[Znt1 —2"||x, < lzn — 2" |%, + c2obllvlx, +

(22)
+ C5M3M4LHU||X1 ||$n - x*Hle

provided that z,, € Qr(x*). The following theorem establishes a rate of con-
vergence estimate for the iteration (3).

Theorem 4.1. Suppose Conditions 4.1-4.5 are satisfied, and (4) is fulfilled
with p € [1/2,po]. Assume that

|zo — 2" x, < lag, (23)
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where
1
0<l§min{712,£p}, (24)
¢y Lag /2" o
lellx, < d = mi ! l (25)
v = min .
X1 = ArPes Ma My L' 4rPcs

Then estimate (5) is valid.

Proof. The proof in by induction on n. For n = 0, there is nothing to prove.
Suppose (5) is valid for a number n > 0, and let z,, € Qr(z*). From (23) and
(24) it follows that g € Qr(z*). By (22), with the use of Condition 4.1 and
the induction hypothesis, we get

Tt — 2| x, <

1. _

< 5011312@,%? 12 4 coal vl x, + es MsMyLl||v||x, 0, <
<o La a2 Ms M, Ll P
<rP( Jallag + ca||v||x, + esMaMyLl||v||x, )i,

Further, due to (24) and (25),

l
es MsMyLl|v||x, < —

1.9 p-1/2 !
§C1Ll Oéo +02||U||X1 S 4_7“17, 47’17.

Summing the last two inequalities, we obtain
1.9 p1/2 !
Fallag " +eafvlx +esMsMaLllv]|x, < —

and hence,
[Zn+1 — 2% x, < ZO‘ZH-
Also, note that by (24),

|Zpns1 — ¥ x, < lozﬁ+1 < lozg < R.

Therefore x,,11 € Qpr(x*). Thus estimate (5) is valid for each number n € N.
This completes the proof. U

Remark 4.2. According to (24) and (25), the constants | = [(p) and d = d(p)
can be specified such that

sup I(p) < oo, inf d(p) >0
p€Ela,b] pEla,b]
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for each segment [a, b] with 1/2 < a < b < 0.

From Theorem 4.1 it follows that the least upper bound p* of possible values
po in Condition 4.3 has the meaning of the qualification parameter for (3).

Theorem 4.1 establishes that the sequence {x,} locally converges to z*,
provided the controlling parameter £ is taken from the ellipsoid

M(2") = {a* + (F" (&) F'(z"))"v : v]x, < d} (26)

centered atz*. We stress thatin the irregular case, where 0 € o (F"*(x*)F'(x*)),
the ellipsoid M(z*) has an empty interior. Therefore from the standpoint of nu-
merical implementation, the problem of finding an element { € M(z*) is rather
complicated.

Let us now address to the case where the operator F'(x) in equation (1) is
available with errors. Assume that instead of F'(x) an approximation F (x) is
given, and F'(z) has a Fréchet derivative satisfying (2). Besides, suppose

IF@)x, <8 [F'(2) = F'(@)lx,xp) <6 Vo € Qp(z®).  (27)
Without loss of generality we can assume that
IF @)l|px, x2) < N1 Vo € Qp(a”).

When analyzing processes (3) in the case of approximate data, it is convenient
to fix the element =* and to define the class § of all exact and approximate data
as follows:

§=A{F: IF'(z) = FFW)llx1,x) < Lllz = yllx, Y,y € Qr(z")}
Let us supply § with the metric
p(F1, Fp) =

ZmaX{IIFl(ﬂf*) — F3(2") | x ;m() )HF{(JU) Fé($)|L(X1,X2)}
QR (z*

and consider the mapping G : § — X,
D(G)={FeF:F(z*)=0}, GF)==zx".

Also, let the mapping R /,, take each operator F’ € § to the element x, defined
by (3). Theorem 4.1 then establishes conditions under which the family {R, /, }
approximates the mapping G in the sense of equality (1.2.6) with o« = 1/n. If
¢ and {ay, } are assumed to be fixed then conditions (4), (24), and (25) define a
subset of D(G), for which (1.2.6) is true.
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Now, given an approximate operator ﬁ(x) and an initial point xy € Qg(z*),
consider the iterative process

Tn1 = E—O(F" (wn) F (wn), an) ™ () (F () = F'(20) (20 = €))- (28)

Suppose z* — £ possesses the approximate sourcewise representation

. 1
7= &= (F*@)F )T+, p2 3, 09)
v, we X, |a|x, <A.

The value A in (29) is an error measure of the exact representation (4). As in
the proof of Theorem 4.1, with the use of (27) we obtain

c1L ~
[Znt1 = 2%||x, < lzn — 2|1, + c20h|[D]lx, +

2y /ay

(30)
T colFlx len — 21, + c7(

)
L),
We observe that the right part of this estimate tends to infinity as the iteration
number n — co. Hence to obtain an acceptable approximation x,, we should
terminate the iteration at an appropriate finite moment n = N (J, A) and take
TN (s,A) @S an approximation to z*.

The following proposition concerning a behavior of the iteration (28) is
obtained from (30) by the scheme of the proof of Theorem 4.1.

Theorem 4.2. Let Conditions 4.1-4.5 be satisfied, and

o — *||x, < lad,

~ 1
S SN N
27“P51L0/5_ / 20

where

Assume that (29) is fulfilled with

1 ~ I3 1
pe[—,po] ||v|rX1Sd=mm{— } (31)

2 4rPey’ 4rPeg

Then for each 0 < d < (4rPc;) ™11 we have

|@n — 2*||x, <lof, n=0,1,...,N(5A), (32)
B A
N(4,A) = max ”GNU{O}:apHﬂJFa_ng . (33)

n
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It is readily seen that

lim N(§,A) = oc.
6,A—0

Given error levels d, A, the number n = N (d, A) indicates the stopping point

of the process (28) with an approximate operator F'(z).

It is not hard now to establish an estimate for ||z y(s5A) — 2*|| x, in terms of
5, A.

Corollary 4.1. In the conditions of Theorem 4.2, we have

* ~ (5 + /O 5,A A 2p/(2p+1)
lzn@a) — 2% (lx; < Tpl<%> : (34)

Inequality (34) follows directly by (32) and (33). Indeed,

NG 1A 2/(2p+1)
QN (5,A) < TON(5,A)+1 < ’I“( E( )+ ) <

o (T
(T |

According to (34), the equality

li — " =0
5,&130 HxN(&A) | x,
is fulfilled uniformly with respect to a choice of an approximate operator ﬁ(x)
subject to (27).

Let us turn again to the special case A = 0. Suppose conditions of Theorem
4.2 are satisfied; then from estimate (34) we deduce that the mapping 2Ry /n (5,0

that takes each operator F € § to the point zx(s,0), defines a regularization
algorithm for equation (1). The same result we have in a slightly more general
case where A = A(d) and %iH(l) A(0) = 0. Given ¢ and {«,, }, conditions (29)

(with w = 0) and (31) set off a subset of D(G), where the equality (1.2.5)
is valid. On the contrary, if (29) and (31) are related by conditions on the
parameters & and {o,}, then (1.2.5) is true on the all of D(G). In general
situation where A > 0, inequality (34) establishes a qualified estimate of the

value || Ry /y(5,4)(F) — G(F)|x, in (1.2.8) on the mentioned subset of D(G).
Also, note that when the value A > 0 is fixed, the mapping

R nea) (F) = Tya)
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doesn’t satisfy (1.2.5) and hence doesn’t define a regularization algorithm. At
the same time, (34) implies that the operator Ry /(5 a) is stable with respect to
A and tends to a regularization mapping Ry /ns,0) as A — 0. From (29) and
(31) it follows that in the case of A > 0, an admissible subset of elements £ is
widened, as compared to the case A = 0, to a A—neighborhood

Ma(2%) = {z* + (F" (") F'(@")Pv + w : ||vl|x, < d, [[w]|x, < A}
of the ellipsoid
M(x) = {a* + (F* (") F' (")) : |[o]lx, < d}.

The neighborhood M (2*), as opposite to M (z*) (see (26)) and M(z*), has a
nonempty interior. This facilitates a choice of £ when A > 0.

Let us assume that a priori analysis of equation (1) allows to specify a subset
( C X, containing the solution x*. It is well known that proper accounting
of such information offers strong possibilities of refining present methods and
constructing new effective computational algorithms for solving (1) [138, 146].
Suppose @ is a closed convex subset of X7 and consider the iterative process

Tn+1 = PQ{f - @(ﬁ/*(xn)ﬁ/(fn)aan)F:/*(wn) (35)
(F(xn) = F'(2n)(zn — €))}-

In the case where () = X7, (35) takes the form (28). The use of projecting in
(35) allows to get iterative points x,, in the subset (), to which the unknown
solution x* belongs.

Since z* € @, from (35) and (1.1.16) it follows that

[Zn+1 — 2% x, = HPQ{§ - @(ﬁ’*(xn)ﬁ'/(xn),an)ﬁ’*(xn)-

(Bl - P - ) - Pola)lx, <
< € = O(F" (@) F/(w0). o) F* () F(a) = F'(wa) @ = €)) = 2" .

Now, repeating without any changes the proofs of Theorems 4.1 and 4.2, we
obtain analogs of these statements related to the process (35) in cases of exact
and approximate data. In particular, the stopping rule (33) provides for the
process (35) the same error estimate

lzn(sa) = 2" [lx, = O((8 + A)%/CPHD), (36)

Practical effectiveness of the scheme (35) evidently depends on the com-
plexity of numerical implementation of the projecting operator P for a chosen
subset ). In [32, 145] one can find several examples of spaces X and subsets
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@ C X such that the projection Py (y), y € X can be expressed in an explicit
form.

Concluding this section, let us give some examples of generating functions
©(\, «) satisfying Conditions 4.2, 4.3, and 4.5. Define the family of contours

T, =TOUuUTr@ur®ur®, «oec(0,a), (37)

where in the notation of (2.3.19),

. . T
) = T a(espipn).explicza — o). v € (0.3).
Fg) = I'g, (exp(—igo),exp(ivp)), Ro > le,
Fas) = F(a/Z,Ro)(exp(i@O))u

(
T =T (o /2.8, (exp(—ig0)).

For the family {T's }oe(0,q,] defined by (37), inequality (9) is trivial, and condi-
tion (10) follows by the cosine theorem applied to the triangle OAp. Therefore
the contours (37) satisfy Condition 4.4. Simple calculations prove that all gen-
erating functions O (A, «) in the following Examples 4.1-4.5 satisfy Condition
4.5 with the contours (37). Conditions 4.2 and 4.3 are also valid.

Example 4.1. In the case of generating function (2.1.15), the process (3)
takes the form

(F™*(2p)F'(2) + anBE)xny1 =
= ané + F™*(2,) (F' (xp) 0 — F (1))

Condition 4.3 for the iteration (38) is satisfied with pg = 1.

(38)

Example 4.2. An iterative step of the method (3), (2.1.18) can be imple-
mented as the finite iterative process:

o1 = 2,0,
where
20 = ¢ (F*(@n)F (20) + an )z =
= anxg?l + F™ () (F (xp) 20 — F(20)), k=0,1,...,N —1.
In this case, Condition 4.3 is fulfilled with pg = N.

(39

Example 4.3. An iteration of the method (3), (2.1.23) has the following

form:
1
T =ul —
n+1 U )



Necessity of Sourcewise Representation. Gauss—Newton Type Methods 119

where u = u(t) is a solution to the Cauchy problem

du(t) ’ '
—+ F F t) =
= F"(xn) (F'(zp)2n — F(2,)), u(0)=¢.
Condition 4.3 is satisfied with an arbitrary py > 0.
Example 4.4. Consider the generating function (2.1.29) with
1
A)=po, 0<po < —.
9(A\) = o < 3

The regularization parameter « takes the values 1,1/2,1/3,.... An iteration

of the method (3), (2.1.29) with o,, = n~! can be implemented as follows:

_ ()
LIn+1 = Lpiq

where
0 k+1 * k
— F™(xn)(F'(zp)zn — F(zy)), k=0,1,...,n—1
Example 4.5. For the function (2.1.29) with
A) = , >0
g(\) X+ 10 o
and o, = n!, an iterative step of the method (3) takes the form:
Tp+1 = wiﬁal;
0 k+1
ol =& (B + P @) F (@) = @)

= pox™ | + F*(2,)(F'(20)n — F(2n)), k=0,1,....,n— 1,

Since the functions ©(A, «) from Examples 4.3—4.5 satisfy Condition 4.4
with an arbitrary pg > 0, the processes (40)—(42) are saturation free.

4.2 Necessity of Sourcewise Representation for Rate of
Convergence Estimates of Gauss—Newton Type
Methods

In this section, under appropriate conditions on the generating function
©(\, ) we prove that the sourcewise representation (1.4) is close to a nec-
essary condition for the power rate of convergence estimate (1.5). Namely, it
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will be shown that the estimate

1
lxrn — 2%||x, <lob, n=0,1,... <p>§> (1)
implies
a* — &€ R((F™(«")F'(z"))P=°) Ve € (0,p). (2)

This result is similar to assertions of Theorems 2.4 and 2.5.
Suppose (1) is true, and Conditions 4.1, 4.2, 4.3 (with p = 0), and 4.4 are
satisfied. Without loss of generality we can assume that laf) < R. Therefore

Tn € Qp(z*), n=0,1,....
From (1.6), (1.7), and (1) it follows that
I[E — ©(F™ (z")F'(z"), o) F™ (") F'(2")](z" — §) ]| x, <
<lob |+ e’ Lo 124
HIOF™ (") F'(27), an) F™ (a™) F' (™) —
—O(F™ (@n) F'(20), ) F™ () ' (wn)) (2" = &) ||, < 3)
< oo + [O(F™ (") P ("), cn) P (5" F'(a")

= O (@) F (). 00 (2) ) 1x1) ).

In view of (1.11)—(1.13) (with p = 0), (1.16), and (1.17), for the last norm in
(3) we have the estimate

@<F’*<fvn> (wn) %)F’*(scn)F’(xn)HM < @)
|1 —O(A, an)|
p —
< cz3ab / ’)\|3/2 |[d\], n=0,1,....

The following condition on @(/\, «) generalizes Condition 4.5.
Condition 4.6. For each s € [1,3/ 2]

1-— a)A
sup o 1/| Ws |]d)\\ < 0.

a€(0,00]

From (4) and Condition 4.6 we get
|O(F™ (") F' ("), an) F™ (2" F'(2") —

5
O (an) P (2n), ) P () F (@)l < cxa= 2 )
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Given « € (0, ap], we denote
O(a) = [|[E = O(F" (2") F'("), ) F* («") F'(a")] (2" = )l x,- (6)
According to (3), (5), and (6),
B () < sl 2, (7)
Suppose the following condition is satisfied.
Condition 4.7. For each \ € [0, N?], the function
N\, a) =11 — O\ a))

is nondecreasing in o € (0, o).

Let {Ex}xepo,n2) be the spectral family of F™(z*)F'(x*). Since

NP 1/2
P(a) = ( / (A a)d|| Ex(a” = &)l%, ) :
0—0

by Condition 4.7 it follows that the function ®(«) is nondecreasing on the
segment (0, o). According to (7), for all @ € (an41,p],n = 0,1,... we
have 12

(I)(Ck) q)(an) 050451_ p—1/2

ap—1/2 = ap—l/Q = Oép_l/Q < et < 00

n+1
Therefore,
®(a) < e5r?V2aP712 Vo e (0, ag). (8)

Since p > 1/2, from (8) we conclude that lirrb ® () = 0. On the other hand,
a—

the integral representation for ®(«) yields

1/2
lim @(a) > ( / dHEA(x*—f)n%g) -
{0}

= |1Pn(Fr @) pr @) (2" — &)l x, -

It now follows that
¥ —€ L N(F/*(az*)F/(a:*))

Let us apply Theorems 2.4 and 2.5, with (2.1.38) and (2.1.43) replaced by
(2.1.46) (see [42]), to the equation

F*(a")F(2*)(x —2%) =0, z€ X,
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for which x = x* is a solution nearest to £. By (8) we then obtain
1
a* — € € R(F™(a*)F'(x*))P~1/%71) e, e (0, p— 5). (9)
We denote py = p — 1/2 — 1. From (9) it follows that there exists an element
o e X7 such that
a* — &= (F™"(a*)F'(a*))Pro). (10)

Let us now improve the estimate (7). Substituting (10) into (3), in place of (7)
we get

O(ay,) =
E—O(F"(a")F'(x%), an) F™ (2" F'(2")] (2" — §) || x, <

<o <az+ [ 1= e alROF @O F )~y

o

— RO\, F™ () F' ()| (F™ (%) F' (7)) \L(xl)dM> :

Analogously to (1.12), for all A € ', we have

I[R\, F™ (") F'(z"))—
— RO\ F™ () F' ()| (F™ (&) F' (")) | £ x1) <
< RO F™ () F'(20)) F™ (20) | L0 x0) [ F7 (%) = F' ()| L3y 50

RO F () F (27) (F™ (@) F/(2")) | L xy)+

RO ™ (@) F(zn) e 1F™ (27) = F™ (@) | L(x5.x1)°

F (@) RO F™ (27) F' (7)) (B (") F (%) || x x0)-

(12)
It follows by (1.2) and (1) that

[F™ (") = F™ (20)ll L(x2,x1) =
= | F'(z") = F'(20)ll(x,,x0) < crh.

After setting in (1.14) and (1.15) s = p;, we obtain

(13)

1RO F* @) F @) F @F @F 0 < gy (04
| ) RO\, ' (@) F' () (B () F (@) 2, ) <

(&}
< |)\|17min{P1+1/2,1} VA€ la,.




Necessity of Sourcewise Representation. Gauss—Newton Type Methods 123
According to (12)—(15),
IR, F™ (@) F' (27)) = RO F™ (@) ' (@) ) (™ (&) F' (7)) | £ x) <

coain,
- ‘)\’27min{p1+1/2,1}

VYA eTl,,.

Therefore from (11) we get the following refined estimate for ®(a,):

|1 — O\ an)A
®(an) < croad, (1 + / i 1/21) |dA| |, n=0,1,.... (16)
Ty

Let us consider two cases.
1) Suppose p; > 1/2; then Condition 4.6 and (16) yield

D) < e1ab.
Therefore for each € € (0, p) there exists an element v = v(e) € X such that
¥ € = (P (@) F ("), (17)

Thus (2) is valid.
2) Let p; € (0,1/2). Then from (4) and (16) we obtain

®(an) < crpal (/2P (18)

Hence for each e5 € (0, p— (1/2 —p1)) there exists an element v(?) € X7 such
that

5 = € = (P () F (@) 2oy @), (19)
Now we can use (19) to improve estimate (18) by substituting (19) into (3).

Continuing the process of iterating estimates for ®(«,), we get sequences
{pr}, {ex}, and {v(k)} such that

1 1
Pk+1 =P — (5 —pk> — €k+1; €k+1 € <07P— <§—Pk>)§ 20)

2t — &= (F*(@")F (@)oo, keN.

Without loss of generality we can assume that

1
lim g, =0, supep<p——. (21)

k—o0 LeN 2
If on the k—th iteration we have pp > 1/2, then (17) and (2) are valid. We
claim that there exists a number k = ko for which py, > 1/2. Indeed, suppose
the contrary, i.e., pr < 1/2 for all numbers k£ € N. By (20) and (21) we get
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pr < pr+1 < p. Since the sequence {pi} is monotone and bounded, there
exists a finite limit klim pr = p < p. Passing to limits in both parts of equality
— 00

(20), with the use of (21) we obtain p = 1/2. This contradicts the assumption
p > 1/2(see (1)). Thus (2)is valid again. The following statement summarizes
the preceding discussion.

Theorem 4.3. Suppose Conditions 4.1, 4.2, 4.3 (with p = 0), 4.4, 4.6, and
4.7 are satisfied and estimate (1) is fulfilled. Then for each € € (0, p),

x" = § € R((F™ (x")F'(27))"°).

Note that all generating functions from Examples 4.1-4.5 satisfy Conditions
4.6 and 4.7. As {T'a}ae(0,00)> the family of contours (1.37) may be taken.

In a conclusion of this section we shall demonstrate an application of the
technique derived above to Tikhonov’s method [17, 42, 137]. Suppose the
operator F'(z) in (1.1) is available without errors. According to the basic
scheme of Tikhonov’s method, a solution z,, to the regularized problem

1 1
min Ua(@); Va(o) = SIF @), + zalle — ¢k, a>0  (22)
is taken as an approximation of x*. Here « is a regularization parameter and
& € X an estimate of x*.

Suppose (1.2) is satisfied and the operator F' : X; — X5 is weakly contin-
uous, i.e., the weak convergence z, — zo(n — o0) in X; implies the weak
convergence F'(z,) — F(z9) in X2. The last assumption ensures the solvabil-
ity of (22) for each o > 0.

In [111], under the condition (1.4) with p € [1/2, 1], the following rate of
convergence estimate for {z,,} was established:

|za —2™||x, <la? Yo e (0,ap)]. (23)

We shall prove below that the sourcewise representation (1.4), sufficient for
the estimate (23), is actually close to a necessary condition for (23). Thus let
the family {z,} be defined by (22), and (23) be fulfilled with some exponent
p € (1/2,1]. Since z,, is a minimizer of the functional ¥, (x), we have

\I/;(a:a) = F,*(xa)F(wa) +a(ze —§) =0.
Consequently,

F™(@0)[F'(20)(Ta = %) + G(2a, 27)] + a(za =€) =0, (24)
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where
G(1o,7") = F(xs) — F(z%) — F'(24) (20 — 2%).

By analogy with (1.7),
1
|G (za, 2, < 5 LlTa = (1%, -

From (24) it follows that
(F™(z0)F'(za) + aE)(zo — %)+
+ F™*(24)G(xq, %) + afx™ — &) = 0.
Hence,
(F™(20)F'(xa)+aB) " F™*(24)G(2a, 2*)+
Haa — )+l (F™*(2a) F' (¢a) + aB) ™!

» ERTO (25)
—(F"(@")F' (") + aB) "] (a" = )+
+ a(F™*(2*)F'(z*) + aE) Y z* — &) = 0.
The last summand in (25) can be rewritten as
a(F" ()P (") + aB) " (" — ) = 06

= (E—OF"(a")F'(z"), ) " (2") F'(2")) (2" - ¢),
where O()\, ) = (A + a)~!. According to (26), by (6), (23), and (25) we get
®(a) <[lza — 2™ x,+
+ |[(F™*(2a)F'(2q) + aB) ' F™* (24)G(za, %) || x, +
+al|[(F"™(za) F'(za) + aB) "
— (F™(@")F'(2") + aB)~'(@" = &) x,-
Therefore,
®(a) < |lza —2™(x,+

[2a — "%,

Ja

+ci3 + of|[(F™*(2a)F'(z4) + aE) 1=

/% * !k —1 * (27)
—(F" (") F'(z7) + aE) (2" = §)llx, <
< cpal + al|[[R(—a, F™(20)F'(24))—
— R(—a, F™ (a")F'(2"))](z" = )| x, -
Due to (23) and (1.12)—(1.15), for the last norm in (27) we have
||[R(—04,F (xoz)F (1"06))_ (28)

— R(=a, F" (") F'(2"))](2" = €)||x, < ersa? /2.
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Thus (27) and (28) yield
P(a) < (e + apfl/z) < a2 o e (0, avg]. (29)

Estimate (29) is similar to inequality (7), which was derived for the process
(1.3). By the same argument as in the proof of Theorem 4.3, we then obtain
representation (10). Next, using (10) for improvement of (28), we get (20) and
(21). Continuing this line of reasoning, we come to the following result.

Theorem 4.4. Suppose (1.2) is satisfied and F(x) is a weakly continuous
operator. Let (23) be fulfilled with p € (1/2,1]. Then for each ¢ € (0, p),

x" —§ € R((F™(x")F'(27))"°).

Remark 4.3. In the case of p = 1, the following stronger variant of Theorem
4.4 is true: estimate (23) implies 2* — & € R(F"™(z*)F'(z*)) ([111]).

4.3 Generalized Newton—Kantorovich Type Methods for
Nonlinear Irregular Equations in Banach Space

In this section we study the class of generalized Newton—Kantorovich type
methods

20 € Qr(2"),  Tpy1 == OF (zn), o) (F(z) — F'(2n) (20 =€) (1)
for solving an irregular operator equation
F(z)=0, ze€X

in a Banach space X. We obtain (1) by iterating the scheme (3.2.16), much as
the process (1.3) was designed on the basis of the scheme (3.2.1). Suppose the
operator F' : X — X is Fréchet differentiable on Qg (z*), and the derivative
F'(z) is Lipschitz continuous, i.e.,

1F"(z) = F'W)llcex) < Lz —ylx Yo,y € Qr(z”). (2)

Let the sequence of regularization parameters {«,, } satisfy Condition 4.1.

In this section and in Section 4.4 we shall extend the results of Sections 4.1
and 4.2 to the family of iterative processes (1) in a Banach space X. We shall
assume that the operator A = F’(x*) satisfies Condition 1.1. In our context,
the sourcewise representation (1.4) should be replaced by the equality

¥ —E&=F'(z*)Pv, veX, p>1 (3)
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Turning to the processes (1), let us first show that formula (1.1.6) is applicable
to the operator A = F"(z,,). Pick a number Ry > ||F"(z*)||(x) and suppose
the generating function ©(\, «) satisfies Condition 2.6.

Conditions 1.1 and 2.6 allow to present the operator function © (F'(z,,), o)
from (1) in the integral form

O(F (22), an) = %/@()\,an)]%(/\, F' () dA (4)
Iy

with an appropriate contour I';,.

Lemma 4.1. Suppose

(5)

d
n — 2*||x < min{R, 0¥0%n }
LTO

where the constants ro and dy are specified in Conditions 1.1 and 2.6; vy €
(0,1). Then
J(F/($n)> - intKOén (R07d07 SDO)

Proof. Foreach A\ € C\intK,,, (Ry, do, ¥0), by definition of K, ( Ry, do, ©0)
we have |\| > dyay,. Note that by (5), z,, € Qr(x*). Setting in (1.1.11)

A=F'(z*), B=F(x,)—F'(z%)
and using (2) and (1.1.8), we obtain
IBROA, A)llnx) < 1F (@) = F'(@) [l IR, F' (@) [y <

Lro||zy, — x*||x
B RY

Therefore A € p(A + B) = p(F'(zy,)). O

<y VAe C\intK,, (Ro,do, o).

As in Sections 2.2 and 2.3, suppose {I's }oe(0,00) is @ family of contours on
the complex plane such that I, C D,, and I, surrounds int K, ( Ry, do, o) for
each o > 0. Also, assume that I', doesn’t contain the point A = —d; « inside;
dy € (do,1). As an example we can set I', = ~,, where 7, is the boundary
of K (Ryp,do,po). Lemma 4.1 implies that representation (4) is valid with
I'y, = T'y,,, provided condition (5) is fulfilled.

Let us now prove that the sourcewise representation (3) yields the power rate
of convergence estimate for {x,,} with the same exponent p, that is,

|zn —2*|x <lab, nmn=0,1,... (6)
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The value [, as well as necessary restrictions on parameters of the procedure
(1) will be specified below.
Suppose (6) is fulfilled for a number n € N. By (6) and Lemma 4.1 we
conclude that conditions
ag_lLrol

< o, lag < R (7)
do

are sufficient for representation (4) with I';, = I', . Throughout this section
we suppose that conditions (7) are satisfied.
From (6) and (7) we get z,, € Qgr(x*). Next, according to (1),

Tl — 25 = —O(F'(x), )G (2, %) —
— (B = O(F'(z"), ) F'(2")) (2" = )~ ®)
— (O(F'(2"), an) F'(z") = O(F'(wn), an) F' (zn)) (2™ = ),

where
G(xp,z") = F(x,) — F(2*) — F'(z) (2 — 2%).

From (1.1.14) it follows that
1 .
1G (25, 27)llx < 5Lllon — 2 % (9)
Combining (3) and (8), we obtain

l2nt1 = 2%llx < [OF (zn), an) Lo IG (20, 27) | x+
+||[E — O(F'(z*), an) F' ()| F' (z*)Pv|| x + (10)
+ [[O(F (%), o) F'(x") = O(F'(zn), o) " (2n)| F' (") 0| x.

In view of (4),

HG(F/(xn)7an)|’L(X)

IN

IN

1
2 [ 1B anlIROF )l 4
Tay,

Further, from (1.1.8), (2), (6), and (7) we get
[1F" (20) = F' (@) lLco IR F' (@)l Svo <1 VA €T,,. (11)
Lemma 1.2 now implies that foreach A € 'y, ,

IR F' (2n) 2 x) < (RO F (@) )

(I @a) — F @l [BOF @) -

k=0
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Using (1.1.8), (11), and (12), we conclude that

)

R(\, F'(xy, <——F— VAel,,.
1RO F @)l < =y
Consequently,
, IO\, ay)]
IO(F (), ol < TR U E)

From here on we suppose Condition 2.8 is satisfied, i.e.,

/W,CN < % Vo € (0, ag). (14)

From (6), (9), (13), and (14) we obtain
IOF (), ) | L) |G (s ) | x < eal?al. (15)

Denote m = [p] and u = {p}. Then the second summand in (10) can be
estimated as follows:

IE = ©F (%), an) F'(z") | F'(2")v] x <
< B = O (27),0n) F' (@) F' (27)" (F' (") + dyon E)'v]| x +
HI[E = O(F" (z"), o) F' (") F' (™)™
((F' (%) + dian EY' — F'(2")!]o|x.

(16)

In connection with (16), we now impose on O (A, &) Condition 2.7 and assume
that p € [1, po| with pg specified in this condition.
Since the point A = —d; oy, lies outside the contour I, , we have

[E—@(F’(x*)7 a”)F/(x*)]F/(x*)m(F/(x*) + dloan)“ _
= ﬁ (1= O\, an) A (A + dian)" RO\, F'(2*))dr. (A7)
Fap

From (1.1.8), (17), and the inequality

I\ > doan, VA ET,,
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we obtain
I[E = ©(F ("), cn) F' (™) F' (™)™ (F'(27) + dian E)'v| x <

v *
< HJTX / 11— O\, an) AN + dyow |[*| RN, F/(2%) | £ [dA] <
Tap

o m—
< 5 llvllx / 1= O, an) AN + (diag))|dA] <

Tan
< cslvllx o
(18)
Since m € [1, po], by (1.1.10) and (2.2.9) we conclude that
I[E — ©(F/ ("), o) F' (x7) | F' (™)™
((F/(a") + dioan B)* — F'(z")"]v]|x <
< caalolx 1B — O(F' (@), an) F' @) F (@) ey < )
< cslvllx o
Now, by (16), (18), and (19),
I[E = ©(F(z"), an) F' (") | F"(2")Pv]| x < cellv]lxad. (20)
For the third summand in (10) we get
IO(F'(z7), an) F' (") — O(F"(wn), an) F' (2n)] F' (27 )| x < 2

< A, + By;

Ay = [[O(F'(27), an) F' (") — O(F'(xn), an) F' ()]
F'(2*)™(F'(2*) + dyan B)v]| x,

By = [[[O(F/(z%), an) F'(z") — O(F'(zn), an) F' ()| F' ()™
((F'(2") + dian E)* — F'(2")"]o] x.
Formula (4) then yields
Ay, < ||[(E - O(F(2*), an) F' (2*))—
— (B = O(F'(zn), o) F' (2n)) | F' (@)™ | L(x)
(F' (@) + drom B[ ) llvllx < %H(F'(ﬂc*) + dian E)*[| o)l x-

' / 1= O, an)AI[R, F'(27)) = R(A, F' () [ F (%)™ || x) [dA]-

FOén
(22)
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Next, by (1.1.10),
I(F' (%) + drom EY || px) < 1F"(2)" || 1(x) + ereg.- (23)
Combining (1.1.12), (5), and (7), we conclude that forall A € I'y,,
IR (7)) = R\, F'(zn))JF' ()" [l x) <

RO F @)oo I F' (2n) = /(@) e
— L= IR F' (@) oo [ FY (2n) = F7(29)[| )

e (e (24)
RO F(2) (@) o) <
Lrolah, , ,
< ————||R(\, F' (™)) F' (™)™ .
< T F @) F @)
Since m > 1, the identity
R\, F'(2"))F'(z") = —=E + AR(A, F'(27))
and (1.1.8) imply
IR, F' (@) F' (%)™ | ix) < (L +ro) | (@) 7% (25)
From (17) and (22)—(25) it follows that
T0(1+TO)L 1o 1) % -1
< 2] H m p.
Bo< ooy F G o + erad ) IF @G el

1— 00\ o)) 26)
./' 9‘&”0‘) LA < estllo]lxad,
Tap,

By the same argument, for the second summand in (21) we obtain

NOF" (27),0m) F'(27) — O(F' (xn), an) F' () |F" (£7)™

(' (@) + dyom ) — F'(a*)ollx < callollxat. )

Combining (10), (15), (20), (21), (26), and (27), we come to the resulting
estimate
2041 = 2*[|x < (eal® + csllv]lx + crolv]|x)ad. (28)

Recall that (28) was derived in the assumption that x,, € Qpr(x*).
The following theorem establishes conditions sufficient for the estimate (6).

Theorem 4.5. Suppose (3), (7), and Conditions 2.6-2.8 and 4.1 are satisfied.
Also, assume that

|lzo — 2*||x <lab, pel,pol; (29)



132 Iterative Processes on the Basis ofParametric Approximations

0<l§min{ ! E}, HvHde_min{ ! l } (30)

2rPey” of) 4rPeyg’ 4rPeg

Then (6) is true.

Proof. The proof is by induction on n. For n = 0, there is nothing to prove.
Observe that in view of (29) and (30), 29 € Qr(z*). From (28) with the use
of Condition 4.1 we obtain

[Znt1 — 2% x < 1P(cl® + cgllvllx + croll[v]|x)ek ;. (31)

Note that by (30),

l
02l2 + C6HU||X S m, m (32)

Combining (31) with (32), we conclude that

crolllv]|x <

|Zn41 — 2| x <log ) <lag <R,

ie., xpt1 € Qr(z*). The assertion now follows by (31) and the induction
hypothesis. This completes the proof. U

Theorem 4.5 establishes that the process (1) locally converges to 2*, provided
the controlling parameter ¢ is taken from the ellipsoid

M(z*) = {z* + F'(z*)Pv : ||v||x < d}.

Observe that in the irregular case, where 0 € o(F’(x*)), the set M(z*) has an
empty interior, and hence the problem of finding an element of M(x*) is not
trivial.

Let us now address to the case where F'(z) is available with errors. Suppose

instead of the exact operator F'(z) its approximation F () is given, where F'(z:)
is Fréchet differentiable on Qp(2*) and F'(x) satisfies (2). Also, assume that

IF()x <8 |F'(@) = F'(2)|px) <8 Vo€ Q™). (33)
As a set of all feasible exact and approximate data we take the space
§={F: [F'(z) - F'(y)llrx) < Lllz — yllx Yo,y € Qr(z")}

supplied with the metric
p(F1, F2) =

= maX{HFl(x*) — Fy(a")llx, sup |Fi(z)— Fz’(iﬂ)HL(X)}-
2€QR(z*)
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Likewise Section 4.1, it is convenient to fix the element 2* and to associate
with the original equation the mapping G : § — X as follows:

D(G)={Feg§:F(z*)=0}, GF)=z"
Given a starting point xg € Qg(2*), define a sequence {zy, }:
T =& — @(ﬁ/(xn)7an)(ﬁ($n) - ﬁ/(xn)(xn —£)). (34)
Suppose the following approximate sourcewise representation is fulfilled:
=& = F'(2*)P0 + w, >1,
E=FE)vtw, pz 35)
'U,’UJEX, ”wHX SA

Here A is an error level in the exact representation (3).
By the same argument as in the proof of Theorem 4.5, using (33) and (35),
in place of (28) we come to the following error estimate for the iteration (34):

* ~ ~ )
lxnt1 — ™| x < (02l2 + e |0l x + er2l||v]|x)ek + e13 (a— + A). (36)

As an analog of (5), we now have the system of conditions

roL||x, — x*||x + 00

et <wv<l1l, |z,—2%|x <R (37)

Conditions (37) imply the representation
~ 1 ~
OF (zn), om) = 5 / O(N, ) RO, F'())dA.
7r
Can

The following theorem is an immediate consequence of (36) and (37).

Theorem 4.6. Suppose Conditions 2.6-2.8 and 4.1 are satisfied. Assume
that (35) is valid with p € [1, po], and
2o — *||x < lad,

~ 1 d R
0 <l < min , oVo_lj_p ,
4rPcy 27“0[/048 N

[llx < d= min{i L } (38)

4drPeyy’ 4rPers

Then for each d such that

- d l
0<d<mind 0 L1
2rooqy 4rPei3
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we have the estimate
|@n —2*||x <lo®, n=0,1,...,N(6,A), (39)
where
1) A

n

The number n = N(d, A) specified in (40) indicates the stopping point of
the process (34). We can now establish an estimate of the approximation error
N5 (5,4) — 2*||x in terms of § and A. From (39) and (40) we obtain

Corollary 4.2. Suppose conditions of Theorem 4.6 are satisfied. Then

/6 AN\ P/ (p+1)
lenga) - 2 lx < Z(M) .

- (41)

Inequality (41) means that in the case where A = 0, the mapping Ry /5,0

that takes each operator F € F to the element z N(5,0)» defines a regulariza-
tion algorithm for the original equation. The same is true if A = A(J) and
gin% A(0) = 0. When & and {ay, } are fixed, conditions (35) (with w = 0) and

(38) specify a subset of D(G), on which the equality (1.2.5) is valid. In general
situation, (41) provides a qualified estimate of the value

1R1/n ) (F) — GF)|x
in (1.2.8) on this subset of D(G).
According to (35) and (38), an admissible subset of parameters { coincides
with the A—neighborhood Ma (z*) of the ellipsoid

M(z*) = {z* + F'(x*)Pv : ||v||x < d}.
Note that this neighborhood has a nonempty interior and hence the problem
of finding an element of M (2*) is less complicated as compared to finding
& € M(z*).
Let us remark that conditions of Theorems 4.5 and 4.6 are satisfied for all
generating functions ©(\, «) of Examples 4.1-4.5.

4.4 Necessity of Sourcewise Representation for Rate of
Convergence Estimates of Newton—-Kantorovich Type
Methods

In this section, under appropriate conditions on the generating function
O(\, ) we prove that representation (3.3) is close to a necessary condition
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for the estimate (3.6). In more exact terms, we claim that the estimate
|zn, — 2| x <lob, n=0,1,... (p>1) (1)
implies the inclusion
v — &€ R(F'(x*)P~%) Ve e (0,p)

(compare with Theorem 4.3).
Suppose A = F’(x*) satisfies Condition 1.1. Besides, let Conditions 2.6-2.8
and 4.1 be satisfied. Without loss of generality we can assume that inequality

(3.5) is fulfilled for all numbers n = 0,1,.... Lemma 4.1 then yields the
integral formula (3.4) with I';, =T',,,,,n = 0,1, .... From (3.8) we obtain
I[E = O(F'(z7), an) F'(z")](z" — §) [ x <
lnsr — 2 x + [OCF (@n), @)l o) | Glan, 2 |x+ 2)

+ |[O(F"(@7), an) F'(z") — O(F (), an) F'(z)] (2" — &) x-
Conditions 4.1, 2.8 and inequalities (3.9), (3.13), (1) now imply

[Zn1 = 2" |x + [O(F (zn), o)l Lo |G (2n, 27)|[x < 10 (3)
The third summand in (2) is estimated as follows:

IO (%), an) F'(x%) — O(F (wn), an) F' (zn) (2" — &) ||x =
= [[(E - ©(F"(z"), om) F'(z"))
—(E = O(F'(zn), an) F' (z)))(z" = Ollx <

1
< 5elle” =€l [ 1= e ana
Tay
RO F @)~ RO F ) o) JdA,

“4)

Using (1) and the inequality
IA| > doavy, VA ET,,
with dj specified in Condition 2.6, as in (3.24) we get
IR F'(27)) = R(A F' () | <

collzn — a*||x _ czab! 5)
< < VA eT,,.
A2 Al

After setting into (2.2.9) p = 0, by (4) and (5) we obtain
IOF (z"), an) F' (%) = O(F'(zn), atn) F' (2n)) (2" = €)||x <

p—1
< cygo4, .

(6)
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Given o > 0, by analogy with (2.6) we denote
®(a) = [[[E = O(F'(z"), a) F'(z")](z" — §)||x- (7)
Combining (2), (3), (6), and (7), we come to the following auxiliary result.

Lemma 4.2. Suppose inequality (1) and Conditions 2.6-2.8 and 4.1 are
satisfied. Then

() < csaP™l, n=0,1,.... (8)

It will be more convenient to deal with a continuous regularization parameter
a > 0 rather than with the sequence {av, }. As in Section 2.2, we denote by v,
the boundary of K, (Rg,do, o) (see (2.2.3) for definition). From Condition
2.6 it follows that the operator

O(F'(z*),a) = QLM / O\, a)R(\, F'(z*))dA (9)

Yo

is well defined, so that ©(F'(z*),«) € L(X) for each o > 0. Assume that
O(), ) satisfies Condition 2.13. Arguing as in the proof of Theorem 2.19, we
denote

A, o)A
Q(A’O‘) AeC, a,8>0.

147
X\ a,8) = m;

Suppose the following condition is satisfied.

Condition 4.8. There exists a constant ty > 0 such that

A n
/ M!dx < ¢6(1 + [ Inay,[")
Al (10)

Van+1

Vo € (apt1,0m], n=0,1,....

Due to Condition 2.13, the operator x(F’(z*), a, 3) € L(X) is well defined
for all a,3 > 0. Furthermore, by (8)—(10) we conclude that for all o €
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(an—l—l,an],
O(a) = ||[E = O(F'(2%), ) F'(z")][E — O(F'(x

( "), an)F' (@)
[E = O(F'(27), o) F' (")) (2" = §llx <

< (P @) sy Bla) <
<2 [ s aanlIROF ) ool <

Yan41
< (14 |Inay|)alt,

Fix a number x € (0,p — 1). Condition 4.1 and (11) then imply that for all
a € (a1, o] we have
dla)  P(a)ap~i=r

p—1
— toyp—1—r [ _On
= = <cr(1+ | Ina,|*)a? (an+1> < cg.

Here the constant cg depends on the chosen x but doesn’t depend on n. Thus
we obtain the following proposition.

Lemma 4.3. Suppose inequality (1) and Conditions 2.6-2.8, 2.13, 4.1, and
4.8 are satisfied. Then for each k € (0,p— 1) there exists cs = cg(k) such that

D) < cga” Va € (0, ag). (12)

The next statement is in some sense a converse one for Theorem 4.5.

Theorem 4.7. Suppose Conditions 2.6-2.8, 2.11-2.15, 4.1, and 4.8 are
satisfied. Let the process (3.1) generate a sequence {x,} for which estimate
(1) is true. Then

o* — €€ R(F'(z*)P~5) Ve € (0,p).

Proof. The proof is divided into several parts.
1) Let us apply Theorem 2.15 to the linear equation

Fl(z*)(z—2")=0, z€X.

Since the value « in (12) can be taken arbitrarily close to p — 1, from (12) we
deduce that for each &1 € (0, p — 1) there exists an element v(!) € X such that

:p*fsz'(:c*)plv(l), pr=p—1—e1. (13)
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Representations of type (13) can be used for improving estimates of the third
summand in (2). Following the proof of Theorem 4.3, we consider two cases.
2) If p1 > 1, then by (3.21) and (3.26) we have

IO ("), om) F' (%) — O(F (xn), an) ' (n)](x" = | x <
< O (%), an) F'(z") = O(F (wn), om ) F' (wn) | F' (") | £(x)-

AF (2P| x < egal.

Using this estimate, in place of (8) we obtain the inequality
O(ap) < croad, n=0,1,....
Then we conclude that for each x € (0, p),
P(a) =0(a"), «e€(0,a0],

much as (12) was obtained by (8). From Theorem 2.15 it now follows that for
each e € (0, p) there exists v = v(e) € X such that

- &= F'(2%)P 0.

Hence in this case the assertion of the theorem is true.
3) Now assume that p; € (0, 1). Without loss of generality, in (3.4) we can
set 'y, = 7,,,- Analogously to (4), by (13) we get

IOF" (2*), ) F' (") — O(F'(24), an) F' (zn)] (2" — §) [ x <
<en / 11— O\ an)Al- (14)

RO, F(27)) = RO\ F/ ()| F' (27)P || x|
Asin (3.24), for all X € 7,, we have
IR, F' (7)) — RN, F' ()] F' (27 P! | L xy < 15)
< ero| AT |en — 2 x IR, FY (27) F' ()P | 1 x) -
From (1.1.9) it now follows that

[ROE" (27)) F (2P | 1 x) <

2dgoun,
g013< / P RN FY () R(—t, F' () F' (%) | 1 x) dt+

0
00

+ / tpl1HR(A,F’(w*))R(—t,F’(»%‘*))F’(»’U*)\L(X)dt>-

2doan
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Taking into account the identity
R(X, F'(2"))R(—t, F'(")) =
= A+ )7 [R(=t, F'(z")) — R(\, F'(z"))],

we obtain
RN, F' (7)) F' (z)P | x) <

2dpon
§C13</ RO F (1) Lo [|R(=8, F' (@) F (27) | oy dit+
0

[e’s) tpl_l ) ) ,
b [ R F )~ RO @) <x*>uL(X)dt) <

2dgon,

2doau, 00 tpl—l
< cus (anl / tplfldt—f- / |)\ T t|dt> < Cl5azlfl Ve Yan - (16)
0 2dpaun,

From (1), (14)-(16), and (2.2.9) we deduce
IO (27), an) F'(x") -
= O(F'(xn), o) F' ()] (2" = €)l|x < croafy ™"
Consequently, by (2) and (3),
() < crpal Pl (17)
As in (8)—(12), from (17) we conclude that for each x € (0,p + p; — 1),
®(a) =0(a"), o€ (0,a0].

Theorem 2.15 now implies that for each €5 € (0,p — (1 — p1)) there exists an
element v(?) € X such that

wt == F (" )P0®, py=p—(1-p)—ea

Let us iterate the process of improving estimate (8).
4) The estimates of ®(ay,) are improved as follows. Take a sequence {} }
such that
er € (0,p—1), lim g, =0.

k—o0

At the k—th step we have the estimate

®(ar) < crgaltPEL (18)
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According to (8)—(12) and (18), for each € (0,p + px, — 1),
®(a) =0(a"), ae€(0,a0].
Theorem 2.15 then yields
A = F’(x*)p’“+1v(k+1), v e X, (19)
where

Prrr =0 — (1 —pr) —erg1,  Ers1 € (0,p — (1 —pg)). (20)
If pr. > 1, then by (19) and (20),
z* — €= F/(x*)p—5k+1;5(k+1)

with 9k+1) = F’(2*)Pe—15(k+1) "and the iteration terminates. Since €)1 can
be chosen arbitrarily small, the assertion of the theorem is proved.
5) To conclude the proof it only requires to show that there exists a number
k = ko such that p;, > 1. Assume the converse, i.e., p;, < 1forall k € N.
From (20) it follows that p < pr11 < p. Therefore the sequence {py} has a
limit: klim pr = p < 1. Passing to limits in both parts of equality (20), we get
— 00

p = 1. This contradicts the original assumption p > 1. Hence the process of
iterating estimates is finite. This completes the proof of the theorem. g

Remark 4.4. It can be checked that all generating functions from Examples
4.1-4.3 satisfy conditions of Theorem 4.7. The reader will easily prove a result
similar to Theorem 4.7 also for the functions from Examples 4.4 and 4.5. The
proof uses the same arguing with referring to Theorem 2.19 instead of Theorem
2.15.

4.5 Continuous Methods for Irregular Operator Equations
in Hilbert and Banach Spaces

In this section we propose and study two additional classes of approximat-
ing schemes for irregular nonlinear operator equations in Hilbert and Banach
spaces. The design of these schemes involves operator differential equations
arising as continuous analogs of Gauss—Newton type and Newton—Kantorovich
type methods (1.35) and (3.1). Error estimates similar to those of Theorems
4.2 and 4.6 are derived.

We start with an equation

F(z)=0, zeX, (1)
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where the operator F' : X; — Xo is Fréchet differentiable on Qg(x*); z* is a
solution of (1) and X, X are Hilbert spaces. As in Section 4.1, suppose F'(x)
has a Lipschitz continuous derivative, that is,

1F' (@) = F'()llxix) < Llle—yllx, Yo,y € Qr(z™).  (2)

Further, let ﬁ(l’) be an available approximation of F'(z). Suppose ﬁ(x) is
Fréchet differentiable on Qp(x*), and
IF (@), <6 [F () = F'(@)|lnix,,x) <6 Vo € Q™). (3)

There exists N7 such that

1 F' ()] L(xy,%2) Hﬁ/(@HL(Xl,Xz) <N VzeQgp(z").

Assume that z* € @, where @ is a given closed convex subset of X;. In
the first part of this section, we study the following continuous analog of the
iterative process (1.35):

i = Po{¢ — O(F™ () F'(z), a(t)) F" ()(F(x) — F'(x)(z — )} — z, (4)
z(0) = zo € Q% (z*). (5)

Here
O%(z*) ={z € X, : ||z — 2*||x, < R},

xo is an initial approximation to z*, and a differentiable function o = «(t),¢ >
0 satisfies the conditions

a(t) >0, at)<0 Vt>0; lim «(t)=0. (6)

t—+00
By a solution of the Cauchy problenl (42—(5) we mean an X—valued function
x = z(t) defined on a segment [0, 7](T" > 0), continuously differentiable in
the strong sense on this segment and satisfying the equation (4) and the initial
condition (5).
Suppose the function ©(\, o) is analytic in A on a domain D,,, where

D, D [0,N?] Va € (0, ag).
Also, assume that ©(\, «) is continuous in (A, «) on the set
{(\,a): A€ Dy, € (0, 0]}

Moreover, suppose Conditions 4.2—4.5 are satisfied and the approximate source-
wise representation (1.29) is fulfilled.

When considering the Cauchy problem (4)—(5) instead of the iterative process
(1.35), it is natural to take as an approximation of z* the element z(¢(J, A)),
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where t = t(d, A) is an appropriate stopping point of the trajectory = = x(t).
This means that solvability of (4)—(5) at least for 0 < ¢ < ¢(J, A) should be
guaranteed. Below we propose an explicit rule for determination of the stopping
point ¢(d, A) and establish the following error estimate analogous to (1.36):

l2(£(5, A)) = &* || x, = O((6 + A)*/CrTD), (7)
For brevity sake, we denote
X(t, ) = &= O(F"(2)F'(x), a(t)) " (2)(F(x) = F'(x)(z = €)).  (8)
Due to (8), the Cauchy problem (4)—(5) takes the form
i=Po(X(t,x)) —z, x(0)= 0. (9)

Using the Riesz—Dlinford formula (1.1.6), inequality (1.1.16) and conditions
imposed above on F'(z) and O(\, «v), it is not hard to prove that the operator

X (t,x) is continuous in ¢t whatever z € Qpr(x*). Moreover, for all zy €
Q% (x*),to > 0 there exist constants

g0 > 0; My = Mi(20,t0,€0), Ma = M>(20,%0,¢0)
such that
X (t,2)]|x, < M,

IX (te1) = X (t,22) | x, < Moflar — w2]|x, (10)
Vit € [0,to] Va,z1,22 € Qe (20)-

From (10) it follows that the problem (4)—(5) has a unique solution z = x(t)
fort € [0, f] with an appropriate T > 0 (see, e.g., [31]). Since z¢ € Q% (z*)
and the function = z(t) is continuous on [0, T, without loss of generality
we can assume that (t) € Q%(z*) for all ¢ € [0, T).

From (9) we deduce that for all ¢ € [0, T],

x(t) = (rco+/PQ()?(T,x(T)))erT>e—t = )
0
=e 'zo+ (1— e )z0(t),

where

2o(t) = /PQ(X(T,SU(T)))’y(t,T)dT, y(t, ) = (e — 1)_1€T.
0
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Note that

t
/ vt Py =1, A7) > 0;
0

Po(X(r,2(1))) € Q

vre[0,t] Vte (0,T).

By [148, Theorem 1.6.13], it follows that zo(t) € Q. t € (0, 7). Therefore
if the starting point g € @, then (11) in view of the convexity of ) implies
z(t) € Q,t € [0, T]. Thus the trajectory z(t), ¢ € [0, T defined by (4)(5) lies
in the subset (), which contains the unknown solution x*. Recall that iterative
points {x,, } generated by (1.35) possess an analogous property.

Using (9), (1.1.15), and (1.1.16), we obtain

d ]- * . * ol *
—(—ux—x H?Xl) — (bo - "), = (R(La) — 2,0 — ) x4

+(Po(X(t,x) = X(t,x), — X (t,2)) . +

+(Po(X(t,2)) = X(t,2), X (t,2) — Po(X(t,2))) ., +

+(Po(X(t,x)) = X(t,2), Po(X (t,2)) — 2%) y, < (12)
< (X(t2) —mo—a*) ¢ — |[Po(X(t,2)) — X(t,2)|%,+

+(Po(X(t,x)) = X(t,x),x — X(t,7)) , <

* 1=
é (X(t,l’) —T,r—T )Xl + ZHX(tvm) _'ng(la

0<t<T.

Let us now estimate individual summands in the last inequality in (12). First
note that by (2) and (1.1.14),

F(z) = F(z*) + F'(z)(z — 2*) + G(z, %),

where

~ * 1 * *
Gz, 2%)x, < 5Lllz —= 1%, Vo€ Qp(a”).
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According to (8),
(X(t,z) — l‘—ZE*)Xl =
— (O(F"(2)F'(x), a(t)) F™* (@) F(2"), & — &%) y —
(@(F’*( VE' (), a(t)) F"™* ()G (), x—x*)Xl—
— ([B—0F" (@) F'(z"), a(t)) F" ( )E'(27)] (13)
(@7 = &),z - w*)X 13
+ ([O(F™ () F' (), o)) F* (= )F'( )—
— O(F™ (2)F'(a"), a(t) ™ (&) F' (")) (a" — €), — 2°) ..

Furthermore with the use of (3) and Remark 4.1 we get

IOF™ (@)F'(x), () F"* () F (") ||x, <

|z — x
1

< 1O @ F (@), alt) P @l F@) ~ Pl < 1
c10
alt)
16(F" (0)F(2), ) P (@) G(ra") 1, < 2T =T )
2/ a(t)

Condition 4.3 and representation (1.29) then yield

IE — ©F™ (@) F'(z"), a(t)) F™ (2*) F'(z")](z" = ) x, <
< B = O(F" (&) F'(z"), o)) F™ (™) F' (")) (F™ (") F' (27)) vl x, +
HIE = O(F™ (2") F'(27), a(t)) F™ (&") F' (z")]wllx, <
< ea([|vllx, @ (2) + A). (16)

The last summand in (13) can be estimated similarly to (1.11)—(1.20). Using
(1.1.6) and (1.29), we obtain

[@(ﬁ/* (m)ﬁ’(m),a)ﬁ’* (w)ﬁ‘/(q;)_
—O(F (") ("), a)) F* (") (")) (a" — €) =
B 271m (1= O\ )N [RO, F* () F'(x))—

Fa

/ I,k Ix (% /(% (17)
—R(A, F*( NVE () [(F™ (2) F' (x™))Pud A+

+— [ (1 =0\ )N[RW, F*(2)F'(z))—

— RO\, F™ (%) F' (%)) wd.
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For the first integrand in (17) we get the estimate
IR\, F™* () F'(z))—
—R(\, F™ (") F' (%)) (F™ (") F'(2"))Pv|x, <
< alvlx (Lllz = 2" x, +9) (18)
B Al
VA eTl, Va e (0,aq].

Since by Condition 4.4,
Tl T 1 C4
IR @) F @)l € sup o < oL
ue[o,Nf]\ —u RY

VA eTl, Vace (0,ap],

we have
=™ o * (% * 2c
1RO F*@F @) = RO F" @O F @l S T3 )
VA eTl, Va e (0,a].
Estimates (17)—-(19) and Condition 4.5 yield
[O(F™*(2)F'(x), a) F™* (2)F' () —
—O(F"™ (z")F'(z"), ) ™ (27 F'(z")) (2" = §)[Ix, <
< 1 [[1=0(\a))|
T o2r Al (20)
(esllvll (Elle = 21, + ) +2¢12 ) x| <
< s (Llvllx lle = *llx, + Ilollx,d + A).
From (13)—(16) and (20) it now follows that
(X(tx) —z, 2 —2")x, <
c10
< + collv||x, &P (t) + csl|v]|x, 0 + A ) ||z — 2*|| x, +
<[ el s eslollnd oot e~
. ciL||lz — z*||3 §
+osLivllx llz — 2%, + ——— — [z — 2|,
2\/a(t)
On the other hand, by (13)—(16) and (20),
~ c10
IX(t,2) — 2llx, < —— + callvllx, 0P () + cs]|v]lx, 0 + ceA+
Vva(t) @)

allz -2,

+ ||z — 2¥||x, + esL|v]x, ||z — 2% x, +
o=l + sl =2l + 7
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From (21) and (22) we derive

d (1 . N
(3l =) < —llo -+

c10 "
+(Vi@wwﬂmuﬂ%w+%ww&6+%A)u—xn&+
(6]
c1 Lz — a*[|%,
2 /a(t)
1 c10 »
+ Z m + 02Hv||X1a (t) + C5||UHX15 + CﬁA"‘F

+osLifvllx lle — 2%, +

) ) allz — 2%
+ [l = 2%x, + esLlvllx [l — 2™l x, + ——F=—=—" -
2/ a(t)

The application of elementary inequality
(ar+ -+ a)* <I(af + - +af) (23)

now yields

d /1 . 1 .
(3l = ) < —3lle — "l +

c10
- (ﬁ + col|vl[x, o () + esllvfl x, 0 + 66A> I = 27|, +

alllz — "%,

2/a(t)
3 615 )2
+ - | ——== + c2||v[|x, &P (t) + c5]|v||x, 6 + c6 A | +
3 (s el + el

+esLlvllx, o — 271k, +

3(e1L)?x — =*[I%,

3 .
+ S (esLlollx, )2l — a1, +

8al(t) ’
0<t<T
Using the inequality
lab| < Sa? + ib2 e>0 (24)
-2 26’
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withe = 1/4 and ¢ = (¢; L) 'a(t), we obtain

c10 "
( 1 +@Mh&ﬂﬂ+%hhﬁ+%A)m—mes

Vealt)

2
c10
s2(—L—+@mwmﬂw+%MMﬁ+%A)+

Va(t)

1
+5lle = o,

allle — 2%,
2\/a(t)

1
=qum—xwa< |M-£W&>§

2\/a(t)
(c1l)?
20(t)
Combining the estimates (25) and (26), we finally get

d (1 |2 T(c1L)? )4
N L - ST

1 4
< gllz ="k, + Iz — [, -

1

3 %
(5 - eslibll, - Steatiil? )1 = 2l +

7 c10 2
+—( 1 +cﬂmuﬂ%w+%mw&6+%A>,

2\ a(t)

0<t<T.
Let us denote

u(t) = gllo(t) — "%

From (27) we deduce the following auxiliary result.

Theorem 4.8. Suppose Conditions 4.2-4.5 and (6) are satisfied.

assume that (1.29) is fulfilled with

VT -2
< .
follx, < Y
Then for all t € [0,T),
. 1 7 9
< - _
u(t) < 4u(t) + a(t)u (t)+

5 2 2p 2
+%(a5+uw&a<w+wmuﬁ+A>)

147

(25)

(26)

27)

(29)
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Note that in the case § + A > 0, the last summand in (29) doesn’t tend
to zero as t — +o0. Therefore in conditions of Theorem 4.8, it is in general
impossible to guarantee the convergence x(t) — z* as t — +o00. Hence in
order to get an acceptable approximation to z*, the trajectory z = x(t) should
be stopped at an appropriate moment ¢ = ¢(J, A) < oo.

Let us give a stopping rule for the process (4)—(5). Choose m > 0 such that

aPT2(0) > m(6 + A). (30)
We determine the stopping point ¢ = ¢(d, A) > 0 as a root of the equation
P25, A)) = m(5 + A). (31)

Since the function @ = «(t), ¢ > 0 is continuous and nonincreasing, and

. li+m a(t) = 0, condition (30) implies that equation (31) has at least one
—1T 00

solution ¢ = ¢(J, A) > 0. Moreover,

limo t(d, A) = oo,

)

(32)
oPH2() > m(8+ A), 0<t<t(,A).

We now need to establish the solvability of (4)—(5) for 0 < ¢ < ¢(d, A).
According to (32), for each 0 < ¢ < (4, A) we have

52
— <
at) =

(lollx,0 + A)* < max{1, [lv]%, }(§ + A)* <

a(0)
< 2D max{1, o], }o? (1)

Let us denote
B(t) = a™(t).
From (29) and the last inequalities, for all 0 < ¢ < min{¢(J, A), T} we obtain

1 cra®~1(0)

u(t) < —Zu(t) + 500) u?(t) 4+ cgD(v, m)[(t), (33)

where, by definition,

1
Dw,m) = o]k, + — (1 +a(0) max{1, v} ).
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Suppose «(t) satisfies the following additional condition

O

0 2 16y 120 (34)

Assumption (34) can be considered as a continuous analog of the last inequality
in Condition 4.1. By (34),

ﬁ(t)z-éﬂ(t), >0
Therefore (33) implies
d [ u(t) 1/ u(t) - u(t)\?
i (50) <)t o) rapwm. o

0 < ¢ < min{t(5,A), T}.

Along with inequality (35), we consider the majorizing differential equation

(0) = (1) + era® O)(0) + sD(w,m), 120 (36)

with the initial condition

U o), 0 <t < min{t(s,A), T}, (37)
B(t)
Let a(0) satisfy the condition
1
2p—1
D(v,m)a?"(0) < 56crcs’ (38)

It follows easily that the quadratic equation
1
—3Y + c7a®71(0)y* + esD(v,m) = 0

has two positive roots y; < ys. Elementary analysis of equation (36) shows
that 0 < y(0) < yo implies y(t) < y, for all t > 0. From (37) we now deduce
that the inequality u(0) < y23(0) yields

u(t) < B <1B0), 0<t<minftdA)T).  (39)

Denote by T* > T the full time of existence of the solution z = x(t) to (4)—(5).
In other words, suppose that the function x(¢) is defined for all ¢ € [0, 7*) but
x(t) can’t be uniquely continued forward by time through ¢t = T*.
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Further, suppose

a(0) < 4c7R?, (40)
1 /a(0)
—z* < -y —=. 41
Iz = 2" llx, < 51/ G (41)
Since
1 1
<y2 <

16c7a2P=1(0) ~ 8cra?r~1(0)’

by (39)—(41) it follows that the trajectory = x(t) lies in the ball

1 /a(0)
X ||z —2* < =y —=
{x € X1 lz —a™x < 5 p-

}cn%f>

for all ¢ from the time interval 0 < ¢ < min{¢(5, A), T*}.
We now claim that 7% > ¢(, A). Indeed, assume the converse, i.e., T <
t(9, A). Then the above considerations yield
sup{||z(t) — 2*||x, : t € [0,T*)} < R.
By (2) and (4) it now follows that
sup{||Z(t)||x, : t € [0,T%)} < 0.

Using the representation
¢
x(t) = zo + /j:(T)dT, te[0,T7),
0

we conclude that for each sequence {¢,,} such that ¢,, < T* and lim tn, = T *,
n—oo

the elements x(t,,) form a Cauchy sequence in X;. Therefore,

lim |z(t) — z||x, = 0,
t—T*—0
where T € QOR(:U*). Consequently inequalities (10) are valid with zp = 7 and
an appropriate £9 > 0 and hence the solution x(¢) can be continued forward
by time through ¢ = T ([55, Theorem 3.3.3]), contrary to the definition of

T*. This contradiction proves that T* > t(6,A). The following theorem
summarizes the above discussion.

Theorem 4.9. Suppose Conditions 4.2—4.5 are satisfied. Assume that (1.29),
(6), (28), (30), (34), (38), (40), and (41) are valid. Then a solution to the Cauchy
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problem (4)—(5) is uniquely determined for 0 < t < t(5, A), where t(0, A) is
specified by (31).

In the conditions of Theorem 4.9, inequality (39) is fulfilled for all 0 < ¢ <
t(9, A). Therefore,

t) — * i < —2W g op<isa
Hl’( - HXl = Y2 ( = 2\/_C¥p 1/2( ) =t = ( ’ )
Setting here t = ¢(d, A), with the use of (31) we obtain the estimate (7):
m?2p/(2p+1)
_ e 2p/(2p+1)
|lx(t(d, A)) — z*||x, < N i72(0 )(6 +A) . (42)

Thus we proved the following statement.

Theorem 4.10. Suppose conditions of Theorem4.9 are satisfied. Let x(t(5, A))
be defined by (4)—(5) and (31). Then (42) is true.

In the case § = A = 0, when the exact operator F'(z) is available and the
exact sourcewise representation

1
" — &= (F*(2")F'(2"))Pv, ve Xy, p> 3 (43)
is fulfilled, the preceding conditions and estimates take the following form.

Theorem 4.11. Suppose Conditions 4.2—4.5 are satisfied. Assume that (6),
(34), (40), (41), and (43) are valid and

-2

" 16,/cregaP=1/2(0 }

Then a solution x(t) to the problem (4)—(5) with F(z) = F(z) is uniquely
determined for all t > 0. Moreover,

o, < min{ 2=

o7 (1)
= 2 ear 1 2(0)

[l (t) — 2™ x, < t=>0. (44)

Let us analyze the conditions of Theorems 4.9-4.11 and discuss, how these
conditions can be ensured in practice. The function () can be chosen subject
to (34) and (40) as follows:

a

1
t) = 0<s<—, 0 derR2.
a(t) Gr1) <S—16p’ <a<d4cr
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Condition (38) is fulfilled if m and ||v]|| x, are taken subject to the conditions
m > 16+/2c7cs(1 + a)aP~ /2, (45)

ol < min{

1

1, . 46

16+/2¢7cgaP—1/2 } (46)
Inequalities (40) and (45) put restrictions on error levels in the operator F'(x)
and in the sourcewise representation (43); (1.29), (28), and (46) imply that
the controlling parameter £ should be chosen from the A-neighborhood of the
ellipsoid

M(2") = {z" + (F"(a")F'(z"))Pv : |lvllx, < do},

where

-2 1
dozmin{l,ﬁ }

6csL 7 16+/2c7cgar—1/2
If A > 0, then this neighborhood has a nonempty interior, whereas the interior
of M(z*) is empty when 0 € o (F"™*(z*)F'(z*)). At last, (41) determines the
degree of closeness of z( to z* sufficient for the estimates (42) and (44).

The most restrictive condition on £ we get when A = 0, that is, when the
element £ should be chosen from the ellipsoid M(z*). Denote by 3R, /45,0y the

mapping that takes each approximate operator F'() to the element z(¢(6, 0)).
From (42) it follows that Ry /(50 defines a regularization algorithm for the
original problem (1). When A > 0, estimate (42) indicates that this regular-
ization algorithm is stable with respect to small perturbations in the sourcewise
representation (43).

Practical implementation of the presented approximating scheme may base
upon various approaches to finite difference discretization of the trajectory
x = x(t) defined by (4)—(5). The original iterative process (1.35) indicates a
possible way of such discretization.

Let us now address to an equation

F(z)=0, zeX (47)

with a Fréchet differentiable operator ' : X — X in a Banach space X. Sup-
pose X has a Gateaux differentiable norm. The most familiar spaces satisfying
this condition are Hilbert spaces and the spaces l,, L, W, with 1 < p < o0
[142]. Let =* be a solution to (47). Suppose F'(x) has on Qr(x*) a Lipschitz
continuous Fréchet derivative, i.e.,

1F"(z) = F'W)llcex) < Lz —yllx Vo, y € Qp(z”). (48)

As in Section 4.3, we assume that operator A = F'(z*) satisfies Condition 1.1.
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Let F'(z) be an available approximation to F(z). Suppose F'(z) is Fréchet
differentiable on Qg(z*), and F’(x) satisfies (48). Also, assume that

IF(2")llx <6 |[F'(2) = F'(2)llx) <6 Vo € Qp(z®).  (49)
Now consider the following continuous analog of the iterative scheme (3.1):
& =& —O(F'(2), o)) (F(x) — F'(z)(x = £)) -, (50)

z(0) = zg € Q% (z*). (51)

A differentiable function o = «(t),t > 0 is chosen subject to conditions (6).
The definition of a solution to the Cauchy problem (50)—(51) doesn’t differ from
that of the problem (3)—(4).

Below we give a stopping rule t = ¢(J,A) ensuring for approximations
x(t(d, A)) the error estimate similar to (3.41):

l2(8(8, 2)) — 2"l x = O((6 + A)P/ V),

Suppose the approximate sourcewise representation (3.35) is fulfilled, and
the generating function ©(\, ) satisfies Conditions 2.6-2.8.

Let Ry > || F'(x*)||(x). By the scheme of the proof of Lemma 4.1 we get
the following result (compare with (3.37)).

Lemma 4.4. Suppose

doVoOé(O) 5 < doVoOé(O)

0,1 52
QTOL Y QTO Y VO 6 ( ) )’ ( )

lz —2%x <

where 1o and dy are specified in Condition 1.1. Then
o(F'(x)) C intK ) (Ro, o, do)

for all sufficiently small t > 0.

Lemma 4.4 with an appropriate choice of contours {T's } e (0,a0] (00 > @(0))
yields
1
27

O(F'(z),a(t)) / O\, a(t)) R, F'(z))dA. (53)

Tace)

Using (53) and Conditions 2.6-2.8, we obtain the following existence result
for the problem (50)—(51).

Theorem 4.12. Suppose Conditions 1.1 and 2.6-2.8 are satisfied. Assume
that inequalities (52) are valid. Then there exists T > 0 such that a solution
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x = x(t) to the Cauchy problem (50)—(51) is uniquely determined fort € |0, T]
Moreover, z(t) € Q% (x*) forall t € [0,T).

Let X* be a dual space for X. By (f, z) we denote the value of a functional
f € X* atanelement z € X.

According to our conditions, the functional z — ||z||x, z € X is Gateaux
differentiable when x # 0. Let U : X — X ™ be the Gateaux derivative of the
functional

1
g(z) = 5ol

then

vy - [lelxemadlel. @70, -
0, z = 0.

The operator U defined by (54) is called the normalized dual mapping from X
into X *. The following proposition is well known ([142]).

Theorem 4.13. Forall x € X,

(U(2),2) = llzl%, NU@)llx+ = ll=llx- (55)

Using (50) and (54), we obtain

G (3leoB ) = W = a).) =
=(U(z - 2%),{ -z — O(F'(z), a(t)) F () +
+O(F (z), at)) F'(z)(z — €)), 0<t<T.

Since N N N N
F(x) = F(a") + F'(z)(2 — 27) + G(z,27),
~ 1
|Gz, 2% x < LIz —2"[% Vo € Qr(a®),
this yields
d (1

4 (3lle =B ) = <0l — a0 - a7)-
—(U(z — z%),0(F'(z), a(t))F(z*) + O(F'(z), a(t))G(z, z*)+

+[E = O(F (z), a(t)) F' ()] (" — )
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Taking into account (55) and the estimate

[(F, 2 < Il x-

Z”X7

(3l = o) < =l - Bt
+ (I0(F (@), a() F(a) | x + |O(F (2), a(t)) Gz, 2|l x+
+I[E - O(F (), a®) F' (@))(z" — &)l1x ) Il — 2" x.

(56)

0<t<T.

Arguing as in Section 4.3, it is not difficult to deduce from (49) and (56) that
there exists a constant cg > 0 such that if

(57)

1
<
[vflx < ol

then

%) <
g\t T lx )=
< _ 610L2

le — %% + ag—wHw — 2"+

§° 2 2 2
e (S + Itk + (ollxs + 80,

Thus with the notation

we have the following auxiliary result.

Theorem 4.14. Suppose Conditions 1.1 and 2.6-2.8 are satisfied. Assume
that (6), (52), and (57) are valid. Then

C12

a2(0)

§° 2 2p 2
+en (s + ol (0 + (lollxd + A7),

u(t) < — Zult) + u?(t)+
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0<t<T.

For the process (50)—(51) we propose a stopping rule similar to that of (4)—(5).
Pick a number m > 0 such that

Pt (0) > m(s + A) (58)
and define the stopping point ¢t = (4, A) > 0 as a root of the equation
aPTHE(5,A)) = m (5 + A). (59)

Arguing as in (30)—(40), we obtain the following results analogous to The-
orems 4.9-4.11.

Theorem 4.15. Suppose Conditions 1.1 and 2.6-2.8 are satisfied. Assume
that (6), (57), and (58) are valid. Also, let

p md[)VO
a?(0) “org
a(t) 1
—>——, t2>0 60
a(t) = 8p’ - (60)
i 1 1 2 2 O 2 2p—2 O
5 (1 +max{l, [lv[%x}a”(0) ) + [[v]% Ja™77(0) <
m
1
646116127
oo — 1 < 29 40) < VIR, (61)
= 2 ,—0127

Then a solution to the Cauchy problem (50)—(51) is uniquely determined for
0 <t <t(0,A), where t(3, A) is specified by (59).
Theorem 4.16. In the conditions of Theorem 4.15, we have
mp/ (p+1)

|z(t(0,A)) — 2% x < m((s + AP/ D),

Theorem 4.17. Suppose Conditions 1.1 and 2.6-2.8 are satisfied. Assume
that (57), (60), and (61) are valid, and

¥ —E=F'(z")Pv, veX, p>1,
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1
W200) < ———.
Jollxa®20) < ot
Then a solution x(t) to the problem (50)—(51) with F(z) = F(x) is uniquely
determined for all t > 0, and the estimate is true:

a’(t)

lz(t) — z*||x < ———2>—, t>0.

V2c190P~ 1 (0) ’



Chapter 5

STABLE ITERATIVE PROCESSES
FOR IRREGULAR EQUATIONS

This chapter is devoted to construction and investigation of stable iterative
processes for irregular nonlinear equations in a Hilbert space. Here the stability
is understood with respect both to variations of a starting point in a neighborhood
of a solution and to errors in input data and in sourcewise—like representations of
the solution. The stability of the processes means that iterative points generated
by them are attracted to a neighborhood of the solution, as an iteration number
increases. Diameters of the attracting neighborhoods arise to be proportional to
levels of the mentioned errors. Therefore there is no a necessity to equip such
iterative processes with stopping criterions. Let us remember that in Sections
4.1, 4.3, and 4.5, the construction of approximations adequate to error levels
was ensured just by the stopping of iterative or continuous processes at an ap-
propriate point. In Sections 5.1 and 5.2 we develop a technique for constructing
stable iterative methods on the basis of the gradient iteration combined with a
projection onto specially chosen finite—dimensional subspaces. Section 5.3 is
devoted to an iterative method for finding quasisolutions to irregular equations.
In Section 5.4 we present a unified approach to constructing stable iterative
methods of parametric approximations. Section 5.5 is devoted to continuous
analogs of the iterative processes based on the parametric approximations. In
Section 5.6 using the ideas of iterative regularization, we study a regularized
modification of the gradient process. A continuous version of the method is also
analyzed. In Section 5.7 we develop an approach to constructing stable itera-
tive processes applicable to discontinuous operator equations. The technique
of approximation of an irregular or even discontinuous equation by a smooth
strongly convex optimization problem plays a key role here.
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5.1 Stable Gradient Projection Methods with Adaptive
Choice of Projectors

In this section we construct and study several stable iterative gradient type
methods for approximate solution of nonlinear irregular equations given with
errors. We prove that iterative points generated by the methods are attracted to
a small neighborhood of the solution. This is ensured by a combination of the
standard gradient process

Tpi1 = Tn — Y (x0)F(2,), >0

for the problem

1 2
min —||F(x
min S|F@),
and projecting of x, 1 onto appropriate finite—dimensional subspaces.
We consider an equation

F(z)=0, ze€X, (1)

where F' : X; — Xs is a nonlinear operator and X;, X5 are Hilbert spaces.
Let F'(x) be a Fréchet differentiable operator, and the linear operator F’(x) :
X1 — Xy be compact for all z € Qgr(xz*). Also, suppose the Lipschitz
condition (4.1.2) is satisfied. As above, x* denotes a solution to (1). Assume
that instead of F'(x) an approximation F'(z) is accessible. Let the operator
F : X; — X, be Fréchet differentiable on Qg (z*), and F(z), F'(z) satisfy
(4.1.2) and the conditions

IF(z*)]|x, <6, 2)

1E"* (o) F (x0) — F"™ (o) F (20) | (xy) < 6. (3)

where o € Q(x*) is an initial approximation to the solution z*. There exists
N7 such that

1F' (@)l x00 1 @)l|oex,x0) < N1 Va € Qp(a”).

Assume that the operator F”(z) is compact along with F'(z), z € Qg(z*).
Since neither operators F”(z), F'(z) nor F'*(z)F'(z), F"*(z)F'(z) are con-
tinuously invertible in a neighborhood of x*, the equation (1) is irregular.

In Chapter 4 we have proposed and studied a wide class of iterative methods
for solving equation (1). Recall that in the case of exact operators F'(z), se-
quences {x,, } generated by the methods converge to z* (Theorems 4.1 and 4.5).
On the other hand, when F'(x) is given approximately, the methods generate
iterative points that usually don’t converge as n — oo. For this reason, in order
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to obtain an acceptable approximation to z* we must terminate these iterations
at some finite step n = N (9, A) such that
e e

Effective numerical implementation of related computational schemes is ham-
pered by the fact that the stopping point N (J, A) depends on several constants,
which characterize both the method and the equation under consideration (The-
orems 4.2 and 4.6). Therefore approximating properties of x5 o) essentially
depend on a proper choice of these constants.

An alternative approach to constructing iterative processes for irregular prob-
lems was proposed in [14, 16; 17, Section 7.2]. For each x € Qg(z*) and
N € (0, N?), we denote by IIy () an orthoprojector from X7 onto a finite—
dimensional subspace that spans all eigenvectors of F'*(x) F (z) corresponding
to eigenvalues A > N. In the case where o(F"*(z)F'(z)) N [N, 4o00) = 0,
we put IIx(z) = O. In the similar way, let Iy (x) be an orthoprojector from

X onto a subspace that spans all eigenvectors of F *(x)FV’ (x) corresponding
to eigenvalues A > N. Assume that N ¢ o(F"*(x¢)F'(x¢)) and denote

p=inf{{A = N|:\€o(F*(xo)F'(x0)) U{N?}}. (4)
Let us define the iterative sequence {z,, } ([14, 16, 17]):

20 € Qr(@), Tni1 = Un(zn)(@n — & — YE™(2,)F () + €. (5)

Here v > 0is a constant stepsize, £ € X a controlling parameter, and z,, = x,,
([14)) or z, = xzo ([16]). In [14, 16], the method (5) was studied in the
assumption that & satisfies the condition

Iy (2") = E)(&" = §)]lx, < A (6)

It was shown that if the starting point x is sufficiently close to the solution x*,
then there exists a constant ¢; > 0 independent of ¢ and A such that

limsup ||z, — 2| x, < c1(0 + A). (7)
n—oo

According to (7), the iterative points z,, are attracted to a neighborhood of x*
as n — oo. The attracting neighborhood has the radius O(6 + A) and thus the

problem of stopping criterions for (5) does not arise.
We stress that exact determination of the projector Il ~N(zn) is a nontrivial
computational problem even if {z,} is stationary, i.e., z, = xo. Below we
study a family of iterative processes of type (5) with z,, = x¢, and with the use

of suitable approximations ﬁxfn) (2) instead of the true projector Iy (z). We

assume that operators ﬁg(,n) (x0) satisfy the following condition.
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Condition 5.1.
J0RY (20) = Tn (o)l L) < Kms i = 0. (8)

m—00

Thus the process we intend to study in this section has the form
o € Qr(z™), zp41 = ﬁg\;n) (20) (T — & = VF* (@) F(20)) + £ (9)

According to (8), the operator ﬁg(,n) (z0) should be constructed in dependence
of the initial point zy. Below we present two implementable schemes of such

adaptive choice of ﬁg{,n) (x0). In Section 5.2 we shall consider a similar process
with an a priori choice

Iy (20) = Pu,
where M is a fixed finite—dimensional subspace of X} .

Fix a number A > 0. Throughout this section we assume that the following
condition is satisfied.

Condition 5.2.
(M (20) — E)(z" — &lx, < A. (10)

Let us remark that in (10), contrary to (6), the projector IT () is determined
by the operator F”(x) at a given point xy not at the unknown solution z*.
Observe that inequality (6) can be considered as a weakened sourcewise—like
representation

z" — ¢ € R(Ily(z")),

which plays here the same role as the classical source condition
z* =& € R((F™(«")F'(z"))")

played in Chapter 4. The condition (10) allows for a similar interpretation.
Hence the value A in (6) and (10) has the meaning of an error in corresponding
sourcewise—like representations.

Let us turn to asymptotic properties of the process (9). Assuming that x,, €
Qp(x*), from (9) we get

o1 — 2 = TG (20) (B — 7B () B (20)) ( — %) —
— AT (20) B (2) G (2, ) + (W () — T (o)) (2 — )+ (1)
+ (I (w) — E)(a* — &) — A1 (o) F* () F(2*),
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where

G(zp, ) = F(x,) — F(z*) — F'(2) (2, — ).
We already know that
|G n, 2)lxs < 5 Ellen — 2, (12)

Using (11) and the equality

3 (20) — Ty (0) =

= (I (o) — M (o)) + (v (o) — My (o)),

we obtain

|Zns1 — 2*|lx, <

< TG (20) (B — vE™ (@) ' (2n) 0 ln — 273+

+ AT (20) | ) 1™ () G an, ) |3+
+ TG (20) — Tn (o) oyl — €llx+ (13)
+ [Ty (o) — M (@0) sy 2™ — €llx, +
+ (M (o) — B) (=" — &) x, +
+ AT (o) " () F () | x,

From (8) it follows that

TS (20) |l L) <

N o _ (14)
< [T (o) ) + IR (20) = T (o)l xy) < 1+ Fim
Let us define the operator
T(x) = T (20) (E — vF™(2)F'(2)), = € Qr(z*).
We obviously have
1T ()] L(xp) <
< TG (20) — Tn (@) || L) | B = 7 E () ' (2) | oy + )
+TIy (z)(E = yF™ (2) F' ()| (x,) <

<0G (z0) — Tn(2) | (xy) + a(N),
where

g= sup |1—9A, ¢(N)= sup |1—~A.
0<A<N? N<ASNE
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It is readily seen that the inequality

9
0<y< — 16
v N2 (16)

implies ¢ = 1,¢(N) < 1. Let condition (16) be satisfied. Then by (8) and (15)
we obtain the estimate

1T (@)l £,y <tm + Ty (20) — Ty (z0) | £y +

+ [T (o) = Tne ()| xy) + a(V). 0
According to (4.1.2), (2), and (14), for the last norm in (13) we have
1T (o) F* () F(a™) |, < (14 ) N1d: (18)
Combining (13) and inequalities (10), (12), (14), (17), and (18), we get
[ €1 =27 x, <
< (A + T (w0) = T (w010, +
o+ T () = T (o) ) + (V) llm = 271+ "

1
+ 57 (L4 i) NiLfln = 2%[%, + 2" = €l +

+ [Ty (z0) — Ty (z0) | oy 12" — Ellx, +
+ A+ (1+ km) Nid.

Consider a circle 7 with the diameter [N, N 4 a], where a > p. Obviously,
o (F"™(zo)F'(x0)) N (N, N2] lies inside J. To estimate the norm

T () = T (20) | 1x,)

we need the following lemma.

Lemma 5.1. Assume that

P
L — 2
5_4(1+N12)’ (20)

p
— < 21

Then

Ty (20) = v (20) |l (xy) € M(N)2N1L|jan — ollx, +6),  (22)
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where
Ni+a—N)(1+ N}
M(N):( 1+CL 2)( + 1).
p
In particular, (22) with n = 0 yields
T (o) — Tn (20) | x,) < M(N)S. (23)

Proof. Using representation (1.1.6) for Oy (x0) and I (), we obtain (see
[123, Ch.9] for details)

ITIx () = T (20) | 1(xy) <

N +a-N .
<A (- (1RO @) o)+

o+ IE™ (o) ' (w0) RO\, F™(w0) ' (20)) 1 2x,) )
-1
NP () Fan) )P )l ) @4
(RO F* (20) F' (w0)) )+
+ || F™* (20) F' (20) R(A, F’*(:Co)F'(JUO))||L(X1))'
N (@) F (2n) — F™ (0) F' (20) || (1)

viae J.

Furthermore,

[ROA, ™ (0) F'(z0) )| L(x1)+
™ (20) F' (o) R(A, F™ (0) F'(0)) | L(x,) <
St N

(25)

Yie J.

Next, from (4.1.2) and (3) it follows that

<[P (@) F (wn) — F™ (0) F' (o) | Lx,) +
+ [ F™ (o) F' (o) — F™ (z0) F' (w0) | 1x,) <
< 2N L||zy, — xo||x, + 0.

|F (@) F (20) — F™*(20) F'(20) |l 1(x,) <
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Combining this inequality with (24) and (25), we deduce

Ty () — T (o) [l £(x) <
< (N? +a = N)(1+ N?)2N1 L]z — wollx, +9)
2plp — (1 + N{)(2N1 L||zn — xollx, +9)]

Taking into account (20) and (21), we obtain the required estimate (22). ]

By (19), (22), and (23), it follows that if (20) and (21) are satisfied, then

a1 = 2*llx, < (m + a(N) + 2M(N)3+

+2M(N)Ni Lo — 2°|1x; ) n = 2, +

+ <2M(N)N1L + %7(1 + nm)N1L> [0 — 2|5, + 20
+ fimlla” = Ellx, + M(N)[|z* — €]l x,0+
+ A+ (1 + k) N1o.
We claim that there exist constants [, C' > 0, and ¢ € (0, 1) such that
|zn —2%||x, <1¢" +C(6+ A+ k). (27)

Indeed, suppose x,, € Qg(z*) and (27) is fulfilled for n = 0 and for some
number n € IN. Also, assume that

Km + Q(N)+
+2M(N)(6 + A+ k) + 2M(N)NLL(L + C(6 + A + k) + (28)
+ <2M(N)N1L - %7(1 + mm)N1L> (lg+2C(6+ A+ km)) <gq,
(ﬁm +g(N) + 2M(N)(6 + A + ki) +
FOM(N)NLL( + C(6 + A + mm))>C+
(29)

1
+ <2M(N)N1L + 57(1 + lim)NlL) C%(5 + A+ ki )+

+max{1,y(1 + fm)N1 + M(N)|z" = &]|x,, l2" — &llx,} < C,
I+C(6+A+kn) <R (30)
Then from (26), (28), and (29) we obtain

[Zni1 — 2*||lx, 1T+ COE+ A+ Kpy).
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Since

|Zni1 — 2% x, <"+ CE+ A+ k) <
<I+C00+A+km) <R,

we have 7,11 € Qr(z*). Notice that the point =4 satisfies condition (21) if

(14q)+2C06+ A+ rp) < P

= 8N L(1+ N2)’ (31)

In fact, from (31) it follows that

lZn+1 — zollx; < |Tnt1 — 2% x, + [lzo — 2% x; <

UL+ g £ 200+ A4 ki) € b
ST +200+ At hn) < TN

Thus we proved the following statement.

Theorem 5.1. Suppose Conditions 5.1 and 5.2 are satisfied, and the initial
point xq is chosen such that

e — 2|, <1+ CE + A+ ry).

Let conditions (16), (20), and (28)—(31) be fulfilled. Then (27) is true.

Corollary 5.1. Under the conditions of Theorem 5.1, we have

limsup ||z, — 2¥||x, < C(6+ A+ k).

n—oo

According to (28)—(31), the constants [ = [(§, A, ky,) and C' = C(d, A, k)
can be chosen such that

6’1Air£1)0l(5, A, Kpy) >0, 5’grEOC(5,A, Km) < 00.

m—0o0 m—00
Corollary 5.1 then implies that the iterative points z,,,n — o0 stabilize in a
neighborhood of z* with diameter of order O(6 + A + k., ), while the starting
point z( can be chosen from a neighborhood of diameter O(1). Therefore the
process (9) doesn’t require a stopping criterion to generate an approximation
adequate to the error levels 6, A, and K,.

Let us turn to examples of operator families {ﬁ%n) (z9)} and corresponding
specifications of estimate (8). We shall need the following auxiliary result.
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Lemma 5.2. Suppose
) (32)

N D

where p is defined by (4); then

(N - g N+ g) N o (F™ (x0) F'(z0)) = 0.

Proof. By (4) we conclude that the operator

(N +6)E — F* (o) F'(20)) " = R(N +&, F*(z0)F'(z0)), |e| < g

is bounded, and

”R (N"‘&,F,*((L'O)F,(ZC(])) ”L(Xl) <

YN

Then from (3) and (32) it follows that

I[(N +€)E — F*(20) F'(20)) — (N + £)E — F* () F' (z))]-
(N +)E — F*(x0) F'(20)) |l (xy) <
< || F™ (o) F' (w0) — F'™* (w0) F' (z0) | . x1)°

20
NIR(N + &, B (20) F'(20)) | £(xy) < 5= 1

The application of Lemma 1.2 yields the required assertion. U

Suppose (32) is valid.

Example 5.1. We have the representation
Nt

Ty (o) = / XN dE (o),

where
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and {EA(xO)}Ae[O,NE] is the family of spectral projectors of F'*(x0)F’ ().
Let us define the function g(\) as follows:

0, A< N —p/4,
gN) =< p 12N = 2N +p/2), N —p/d< X< N +p/4,
1, A>N+p/d
By Lemma 5.2,
<N - g,N + g) C p(F"* () F'(x0)).
Therefore,
N2 N2
fiy(eo) = [ X(dBr(eo) = [ g(NdEs(ao). (33)
0-0 0-0

Observe that the function g(\), unlike x(A), is continuous on the segment
[0, N2Z]. Suppose polynomials g,,,(\) approximate g(\) as m — oo such that

Tgi_{noo gm — 9Hc[o,N12] = 0.

We put
N3
10 (20 = / I (N B (20). (34)
0-0

In particular, as g,,(\) we can take a segment of the expansion of g(\) in a
series of Legendre polynomials on [0, NZ]:

gm(N) =Y axPi(\)
k=0
Here
N?
ap = /g(A)ﬁk(A)dA, Py(\) = 7”2}?134(% - 1), k=0,...,m;
1

Py () are the classical Legendre polynomials orthogonal on [—1, 1] ([132]):

Py(N) =1, PN\ =X
2k +1 k
k+1

(35)

Poi1(\) = AP(N) — Pi_1(\), keN.

k+1
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Since g(\) satisfies

90) = g0 < 20—l Vs ke € [0, V),
from (1.1.3), (33), and (34) we get (see, e.g., [131])

I (20) — v (o)l exyy = esssup [gm(X) — g(A)] <
{Ex(z0)}

C2
= Aenbaﬁﬂ Zakpk W) < py/m’
where co is independent of p and m. Therefore in (8) we can set
Km = PN

Moreover, from (34) we obtain an explicit expression for the operator ﬁg\qfn) (x0):

N2 m
3 (x0) = /(Zakﬁk()\)>dE>\ o) Zakpk F' ().
0-0 k=0

Now, let s > 0 be arbitrarily large. Then, taking as g(\) a sufficiently smooth
function with

by the same scheme we get approximations ﬁg{,n) (z0) such that

TG (20) — Tine(20) | Lixyy = O(m™).

Example 5.2. Without loss of generality we can assume that
1F (o) lo(x,x0) < N1 <1
Consider an auxiliary operator B = F'* () F'(z9) — NE. Let
{E)\(CCO)})\E[fN,foN]
be the family of spectral projectors of B. We denote

NZ2-N

0
P] = / dE)\(xo), P][ = / dE)\(ZL‘())
N-0
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By Lemma 5.2,

Next, we set

and define the operator iteration
By=B; Bunt1=¢(Bn), m=01,.... (36)
From (36) it follows that

NZ2—-N

Bust = i1 (B) = / U1 (VB (20),
~N-0
¢m+1()\) :@(d}m()\))’ m:(),l,...,

where ¢y(A) = A. Also, define the function

-1, A<0
)\: ) —
o= {35

(37

Then we have
Pr= (B~ %(B), Pui=(E+v(B).

Let us prove that the sequence {B,,} converges to ¢)(B) as m — oo. From
(37) we obtain

[ Bm — ¥(B)| L(x,) = esssup [¢m(A) —9(N)] <
{Ex(z0)}

< sup{lwm()\) — (N A€ [_N’_g} g [g,Nf —N}}, (38)

Pick an arbitrary € € (1/4/3, 1). Itis readily seen that for all A1, Ay € [~1, —¢]
and all Aj, A2 € [e, 1],

3

(A1) — e(X2)| < qo(e)|A1 — A2l qole) = 5(1 —e%) € (0,1).

Therefore for each A € [—1, —¢] U [e, 1], the simple iteration process

¢0(A) = A, merl()‘) = W(wm(A))
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converges to 1)(\), and the estimate is valid:

[Vm(A) — (M) <
qo(e)™
-1 qO(E)
1
- 2(52 —61) 7

sup{[A — (M| : A € [, =] U e, 1]} = (59

(@)™,

Now let us consider the behavior of iterations {t,,(\)} for A € [—¢, —p/2] U
[p/2,e]. Assume that p/2 < e. Since p(—A) = —¢(A), it is sufficient to
examine A € [p/2, ¢]. Direct calculations prove that

p(A) = ko(e)A VA € [0,¢],

where ko(g) = 1/2(3 — €2). Hence,
Ym(N) > ko(e)™A VA € [g,e].
For the numbers

m < K\ p,e) = max{k L R(N) € [3,5] }

Let us remark that

K\ pe) < Kolp,e) = [%] b1

As before, [x] stands for the integer part of z. Thus for the numbers m <

K (X, p,€) we have

) = 0] < (1= 5 a0 (40)

Since N < 1, N 12 — N < 1, combining inequalities (39) and (40), we conclude
that for all A € [-N, —p/2] U [p/2, N3 — N],

[hm(A) = (A)] < es(p,€)qo(e)™,



Projection Methods with Adaptive Choice of Projectors 173

{29, (-5) (0 ) ™)

By (38) we get

where

[1Bm = ¥(B)llrcxy) < es(p,€)qo(e)™. (41)

Observe that proper subspaces of eigenvalues A € o(F'* () F'(x0)) coincide
with those of A — NV € ¢(B). Therefore,

P = n(x0).

Now let us set

~(m 1
0" (z) = 5(E+ Bu);
then (41) yields
TS (20) — Tin (20) ) =
1 1
= ||3(E+Bw) —5(E+uB)| =
Hz 2 LX) (42)

1 1 N
= 5 1Bm = ¥(B)llcxy) < 5e3(p )ao(e)

From (42) it follows that in (8) we can set

1

K = 50302 )a0(e)"

Since qp(e) € (0,1), we have lim k,,=0.
m—0o0

In a conclusion let us show how conditions of Theorem 5.1 can be ensured
in practice. First, pick g such that

q(N) <g<L (43)

Then the following inequalities put restrictions on the constants [ and C":

(R q—q(N)
0<i< —, ,
= mm{ 2" (8M(N)(L+q) + 37¢) N L

(44)

P
16(1+q)(1 4+ N2)N, L }

2 » 3 y
€2 2 max{ 1M a* — €l + 30"~ el b 45)
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The error levels 6, A, and k,, must satisfy (20) and the conditions

Ko < QL!(]\I)’ (46)
2
R P
6 A m < i a v )

TR = mm{ 2C" 32(1 + N2)N,LC w

l1—¢ q—q(N) }

(AM(N) + 3v/2)N1LC’ 8M(N) + 6(4M(N) +~)N,LC) |

The starting point zg and the parameter £ must be chosen such that

[0 — 2%|x, ST+ CO0+ A+ Km), (48)
(T (z0) = E)(@" = §)]lx, < A. (49)

Inequalities (43)—(49) guarantee the fulfilment of conditions (28), (29), and
(31). On the other hand, (30) is a direct consequence of (44) and (47).

Remark 5.1. The reader will easily prove an analog of Theorem 5.1 with
(3) replaced by the conditions

N € p(F" (o) F'(z0)),  [|(In(w0) — E)(a* = &)]lx, < A

Remark 5.2. Using estimate (27), it is not difficult to indicate a number
N = N(6,A, k) such that

HxN((;’A’Km) — .%*”Xl < 2C(5 + A+ Hm). (50)

From (50) we deduce that if A = k,;, = 0, then the mapping

R1/n(5,0,0)(F) = Tn5,0,0)

defines a regularization algorithm for the original problem (1). From (10) it
follows however that in order to get A = 0, we must choose £ from a finite—
dimensional affine subspace M(z*) = x* + R(IIn(z0p)). It is unlikely that
any algorithmic ways of finding such £ exist. In this situation, inequality (50)
establishes the stability of Ry /n (50,0 With respect to small perturbations of the
exact sourcewise—like inclusion £ € x* + R(IIx(x()), and to perturbations of
IIn(xp). Here the class of approximate data § and the mapping G : § — X
can be defined analogously to Section 4.1. Inequality (50) can be considered
as an estimate for the norm from (1.2.8).
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5.2 Projection Method with a Priori Choice of Projectors

In this section we address to the case where 2, in (1.5) do not necessarily
coincide with the starting point zg. In such an event, it is convenient to assume
that the orthoprojector II ~(zn) is constant throughout the iterative process. So
let II ~N(zn) = Py be a projector onto a fixed finite—dimensional subspace
M C X;. From the formal point of view, M is not connected with the original
operator F(z). Suppose F(z) and F(z) satisfy all the conditions introduced
in Section 5.1. We consider the iterative process

20 € Qr(a"),  ps1 = Pr(zn — & — yF*(xn)Fl2n)) + & (1)

where ~ satisfies (1.16). Observe that (1) implies z, — & € M Vn € N and
hence the process (1) can be also presented in the form

21 = Pr(xo — vF"™*(20) F(20)) + € — Ppé;

Tn41 :-rn_'YPMﬁ/*(-fn)ﬁ(l'n), n=12,....
Let the subspace M satisfy the following condition.

Condition 5.3.
N(F'(z0)) N M = {0}. (2)

Fix anumber A > 0. The next condition poses a restriction on the parameter
£ e Xyin(1).
Condition 5.4.

[(Pum — E)(2™ = §)]x, < A. (3)

Here A can be considered as an error level in the exact sourcewise—like
representation

xf—&e M.
Assume that A < R and z,, € Qr(z*). Using (3), we obtain
Jnsr — 2l < Tnss — Praa™ =€) — €l + A (@)

Next, similarly to (1.11),
Tpp1 — Pm(a™ —§) - &=
= (20 — Pr(z* = &) = &) = vPmF"* (w0) F(25) =
= [E — yPAE"™ (2n) F' () P (. — Pa(a™ = €) = €)—
— YPME" (20) G (2, 77) — YPME™ (20) F(Pp(2* — €) + €),

(&)
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where

G(zp,x") =
= F(an) = F(Pum(® = &) +€) = F'(wn)(@n — Pu(a* =€) = €).

Since
2" — (Pm(z* = &) +&)lx, SALR,

we have Py (z* — &) + £ € Qr(z*). Therefore by (1.1.14) it follows that
[Glan,a*)xs < 5 Ellon — Paa(e” =€) — €l (6)
Combining (5) and (6), we get the estimate
[2nt1 = Pam(z™ =€) — €llx, <
< ||[B = yPMmF" (@n) F' () Pad)(@n — Pa(a* — &) — )l x,+
SN, — Pala® — ) — €], +

+ Y| B (@) F (P2 = €) + )| x,.

(7

Recall that N
HF/(m)HL(Xl,XQ) < Ny Vzx € Qr(z").

We shall consider E — v Py F"* (2, ) F'(2,) Prq as an operator acting from
M into M. It is obvious that the spectrum of this selfadjoint operator consists
of a finite number of real eigenvalues; the spectrum of Py(F"*(xo)F'(x0) Ppm
has the same structure. According to (2),

0 € p(PpF" (x0)F'(x0) Pm)- (8)

Therefore the spectrum o ( Py F"™* (x9) F’ (xo) Paq) lies on the positive semiaxis
of R. Let us denote

p=inf{\: X\ € o(PmE"*(z0)F'(20)Pm)}-

Notice that (8) yields p > 0.
Repeating with evident changes the proof of Lemma 5.2, we get the following
proposition.
Lemma 5.3. Let Condition 5.3 be satisfied and
; p—20
0< = — <—.
27 ”l'n $0HX1 — 4N1L
Then

(—oo, g) N (P E"™ () F' (2n) Prg) = 0.
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For the first summand in (7) we have the estimate

B — 3 PatF" () F () Pa (0 — Pra(a® — €) — ), <
S|E = yPMmE"™ (2n) F'(20) Prll Loy |2 — Pm(a™ — &) — €llx, <
< a”xn — Pp(x" — 5) - §HX17

where in the conditions of Lemma 5.3,

g= sup |1l—7A <L
A€[p/2,N7]

Combining (3) and (7), with the use of (4.1.2) and (1.2), we finally obtain
[#ni1 — Pm(a™ — &) —€llx, <
< SANiLln — Prala® — &) — €%, + ©)
+ qllzn — Pm(z™ = &) —€llx, +7N1(6 + MA).

From (4) and (9), by the scheme of Section 5.1 we get the following statement
on asymptotic properties of the iteration (1).

Theorem 5.2. Suppose Conditions 5.3 and 5.4 and inequality (1.16) are
satisfied. Assume that

~ . [R q—q p—20
1, 0<l< Rl
¢<g¢<b U< _mm{2’fqu1L’8(1+q)N1L ’

N 1, N
CZmax{l,v 1maX{7 1}}‘

I—gq
Let the error levels § and A satisfy the conditions

P . [R p—26
= < —
o< 5% C(5+A)+A mln{ 2’16N1L}’

a—q
+A< —7—.
tas 2vC' N1 L
Suppose the initial point xq is chosen such that
[zo = Pm(z™ = &) = &llx, <1+ C(6+A). (10)

Then
|20 — Pm(a™ = &) —€llx, <lg"+ C(6+ A). (11)
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Corollary 5.2. In the conditions of Theorem 5.2, we have

limsup ||z, — Prm(z* =€) = llx, < C(0+ A),

n—oo

limsup ||z, —z%||x, < C(0+ A) + A.

n—oo

Remark 5.3. Condition (10) is fulfilled if
on — x*”xl S l + Cé.

Remark 5.4. Using estimate (11), it is not hard to indicate a number N =
N (0, A) such that

HxN(J,A) —x*HXI < 20<5+A) + A. (12)
From (12) it follows that if A = 0, that is, £ € M(z*) = z* + M, then the
operator N
Ri/n,0)(F) = 2n(50)
defines a regularization algorithm for the problem (1.1). According to (12), this

algorithm is stable with respect to small deviations of & from the affine subspace
x* + M. Inequality (12) establishes an estimate for

[R1/n,0)(F) = G(F) x,
in the limit relation (1.2.8).

5.3 Projection Method for Finding Quasisolutions

In this section we deal with the problem of finding a quasisolution to a
nonlinear equation
F(z)=0, ze€X, (1)

where F' : X; — X5 is a smooth operator and X7, X are Hilbert spaces. A
point 2* € X is said to be a quasisolution of equation (1) if 2* is a solution to
the variational problem

win W(a), W) = 51, e

Suppose x* is a quasisolution of (1); at the same time we don’t assume
that the original equation (1) is solvable. Since z* is a stationary point of the
problem (2), we have

U(z*) = F™*(2*)F(2*) = 0.
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Assume that F'(z) is twice Fréchet differentiable and
1 F' ()] Lexy, x2) < N1,

IF"(2) = F"WllLx exxe) < Ale = yllx, Yo,y € Qr(z). (3)
We don’t impose on F'(x) any regularity conditions, so the equation (1) is in
general irregular. Suppose instead of the true operator F'(x) an approximation
F(z): X1 — Xaisaccessible. We assume that F'(z) is twice Fréchet differen-
tiable and the derivatives of F'(x) satisfy conditions (3) with the same constants
N1 and A. Moreover, let the following error estimates be satisfied:

IF(z) = F(2)llx, <0, [[F'(2)=F'(2) | Lx,,x0) <0 @
Ve € Qp(z").

By (3) it follows that there exists N such that

IF" (@) oxy,nixanxa)), IHE @) nx,nix,xe)) < No
Vo € Qpr(z™).
Let us apply the iteration (2.1) to the problem of finding a quasisolution of

(1). Thus we have the iterative process

To € QR(x*)a Tp+1 = PM<xn —&— 'Yﬁ,*(xn)ﬁ(xn)) +&, (5)

where

2
0<y< —.
v ng

Suppose M C Xj is a finite—dimensional subspace satisfying Condition 5.3,
and the parameter £ € X is chosen subject to Condition 5.4. Below we shall
prove that the iterative points x,,, n — oo are attracted to a small neighborhood
of the quasisolution x*.

From (5) it follows that

Tn+1 — Pm(a™ = &) — =
= (w0 — Pr(a” — €) =€) = YPuE" () F ().
Suppose z,, € Qr(x*) and A < R; then by (6) we obtain
Tn+1 — Pm(a® =) — &=
= [E — yPuF" (2) ' (20) Pr)(n — Pra(a” =€) = €)= (7
— YPME" (€0) G (w2, &%) = YPMEF"™ () F (P (" = €) + €),

(6)
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where a(wn, x*) has the same form as in (2.5). Furthermore,

1B = v Pt F" (@) F' () Padl (0 = Pra(a® =€) = &) |x, <
< B = yPaE" (@) F'(20) Pral| Lty 00 — Pra(a™ =€) = €]l x,.

8)
As in Section 5.2, we have
p=inf{\: X € o(PmF"™(x0)F'(x0)Pm)} > 0.
Here we need the following analog of Lemma 5.3.
Lemma 5.4. Suppose Condition 5.3 is satisfied and
5 < ﬁ; Iz — @ol|x, < %ﬁ\gg, z € Qg(z"). 9)

Then _
<—oo, g) N o (P F™(z)F' () Pr) = 0.

From Lemma 5.4 we deduce that for all points = € Qg (z*) satisfying con-
ditions (9),

|E =y PrF (@) F'(2) Pl Loy < T < 1, (10)
where
g= sup |1—~A.
AE[p/2,N?]
Let us denote
S(@)y = (F"(z)y)" F(z"), yeXi; x€Qpa). (11)

Suppose F'(x) satisfies the following condition.

Condition 5.5. There exists G € (q, 1) such that

q—q
sup  [IS(2)||lnex, x) < —- (12)
z€QR(*) v

According to (11),

1S () £ix1,x2) < TF" (@) ixy,nx0,x) 1F(2%) || x, -



Projection Method for Finding Quasisolutions 181

Therefore inequality (12) is fulfilled, e.g., in each of the following cases.
1) The discrepancy of equation (1) at the quasisolution is sufficiently small:

7—q
F(z* < —. 13
1Pl < T (13
2) The second derivative F”'(x) is bounded from above:
7—4q
sup [ F" (@)l ix 2(x1. %) < Timra g
reQn(a") L) = ST [,

Using (1.1.14), (2.3), (3), and (4), we can estimate the last summand in (7)
as follows:

1P E"™ () F(Ppg(z* =€) + €)x, <
<[P "™ (20)[F (P (2" — €) + €)—
— F(z") = F'(Pp(z* =€) + )(Pu(z” — €) + & —a")]l|x, +
+ | P F (20) F' (Ppa(a* — €) + &) (Ppa(a™ — ) + & — a")||x, +
+ | P E™ () F(2%) || x, <

1
< §N1N2A2 + N2A+

+ P E" () (F (%) = F(2"))l|x, +
+ [P (F (20) = F' (@) F(27) | x, +
+ | Pm[F (wn) = F'(Pp(a™ = €) +€)—

(
= F'(an)(xn — Pm(z”™ = &) = O F(27) [ x, +
+ [ PME"™ (Pr(a™ =€) + ) F (27) I x, +
I PMmF" (@) (2n = Pr(a” =€) = O F(z")||x,

Hence,
1PAME"™ () F(Pa(a* =€) + €)1, <
1
< SNIN A%+ NPA + (N1 + [|[F(27)] x,) 6+
(14)
1 * * *
+ 5 Allzn = Pr(a”™ =€) — NN () x, + Nol | F(2*)| x, A+
+[[F () (20 — Pm(a®™ — &) — O F(x7)]|x, -
Combining (7), (8), (10)—-(12), and (14), we finally obtain an inequality
analogous to (2.9):
[#n41 = Prm(a® =€) = €llx; < qllzn — Pm(a™ =€) = &llx, +

15
M — Paa(a® — €) — €%, +ymax{Ma(A), My} (5 + A). )
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Here, we have introduced the notation
1 * 1 *
My = NiNe+ oA F(27) | x,,  M2(A) = N12+§N1N2A+N2HF(?L‘ M xs,

Mz = Ny + [|[F(2")] x,-

As in Section 5.1, from (15) we get the following theorem concerning asymp-
totic properties of the iteration (5).

Theorem 5.3. Assume that Conditions 5.3-5.5 and inequality (1.16) are
satisfied. Suppose q,1,C > 0 are chosen such that

q—q p—4Nid

g<qg<l1l, 0<l<mi {R }
) = ming =, ) )
i=1 2" 29qM, " 8(1 + q) N1 Ve

c> max{l, % max{Maz(A), Mg}},
—4q

and the error levels 6 and A satisfy

P . [R p—4N16
P < i A
0 < N C(5+A)+A_m1n{2, 6NN, |
q—q
0+AL )
tas 4vC' M,
Also, assume that
lxo — 2™||x, <TI+C([O+A)—A. (16)

Then
lxn — 2*||x, <1¢"+C(6+A)+ A,

limsup ||z, — 2" x, < C(0 +A) + A.
n—oo
Remark 5.5. Inequality (16) is true if

lzo — 2| x, <1+ C6.

Remark 5.6. Suppose (13) is fulfilled and F'(z) instead of (3) satisfies the
condition

||F”(90)||L(X1,L(X1,X2)) < Ny Vax € Qr(z");
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then estimate (15) and Theorem 5.3 remain valid. This follows by the chain of
inequalities

| P E"™ () F(2%) ]| x, <
< [(F™*(@n) = F™(2a)) F(&") | x, + |1 ™ (20) F(2")||x, +
+ [ F* (@) (F(2*) — F(z"))llx, < (N1 + | F(z*)]|x,)0+
+ [[(F™ (2n) = F*(Pp(z™ = &) + &) F (27| x, +
+ [(F*(Ppm(z™ = &) + &) = F*(z"))F(2")| x, <
< (N1 + [|[F(27)[1x,)0 + Nol| F(z7)]| x, A+
+ No||z — Pp(a™ — &) = &llx, [1F(27) || x, -

5.4  Stable Methods on the Basis of Parametric
Approximations
This section is devoted to application of the technique developed in Chapters
3 and 4 to construction of stable iterative processes for irregular equations.
Consider an equation

F(z)=0, zeX, (1)

where F' : X7 — Xs is a nonlinear operator and X, X5 are Hilbert spaces.
Let 2* be a solution of (1). Suppose F'(x) is a Fréchet differentiable operator
and the derivative F”(z) satisfies the Lipschitz condition (4.1.2). Assume that

instead of the true operator F'(z) an approximation F' : X; — Xy is given.
Suppose F'(z) satisfies (4.1.2) and the inequalities

IF(z*)]|x, <6, 2)

IF'(z) = F'(2)|lnx,x) <6 Vo € Qr(a”). (3)

‘We know that there exists /N7 such that

1 F' ()] L(x1, %) Hﬁ/(x)HL(Xth) <N Vz e Qp(a").

Let Q C X; be a closed convex subset containing the solution x*. If no
a priori information concerning z* is available, we can simply set Q = Xj.
Below we study the following family of iterative processes for equation (1)
(compare with (4.1.35)):

20 € Qr(z"),  Tat1 = Pol€ — O (2) F'(2n), a0) F™ (zn)-

)T )
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Here ¢ € X1; ag > 0 is the regularization parameter. Unlike the processes of
Chapter 4, the regularization parameter « in (4) is fixed and doesn’t vanish as
n — oo. The generating function ©(\, «) is assumed to be analytic in A\ on
an open neighborhood of the segment [0, NZ]. Also, suppose ©(), ) satisfies
Conditions 4.2, 4.3, and 4.5. Let a family of contours {I',, } satisfy Condition
4.4.

Below, under appropriate conditions on the parameter £ € X and the ini-
tial approximation xg we shall prove that iterative points x,, are attracted to a
neighborhood of the solution of (1).

Let ¢ satisfy the perturbed sourcewise representation condition (4.1.29). As-
sume that the current point z,, € Qg(z*). Using (1.1.16), from (4) we obtain

lnsr = 2x, < IPR{€ - O(F" (wn) F' (n), o) F* (an)-
- (F(an) = F'(20)(2n — O} = Fel@lx <

% % (5)
< 11§ = O(F" () F (z),00) F" ()
(F(zn) — F'(zn)(zn — §)) — 27||x,
Observe that
F(2y) = F'(xn)(zn — %) 4 G, 2%), (6)
where in view of (2),
|G (2, 27)|x, < [F(wn) — F(z*) = F'(an) (@0 — %) | x,+
(7)

(% 1 *
HIEEY)lx, < 5Llzn —a %, +9.
From (6), (7), and (4.1.29) we deduce

1€ = O(F () F' (), a0) F* () (F () — F' (wn)(wn — €)) — a”[|x, <
< O () F' (2n), a0) I () G (@, ) | x, +
+ [[E — O(F" (2n) F (2n), a0) F™ (@) F' (za))(@* = €)1 x, <

% T 1% 1 *
< 10" ) F (). 00 P ()l 52l = o, +0) +

+ [[E = O(F" () F' (x0), a0) ™ () ' (21)]-
S((F" (@) F'(@)P + @)l x,
®)
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Combining (5) and (8), with the use of Conditions 4.2, 4.3 and Remark 4.1 we
get

e =o'l < == 5 5l = + ) + ot
+[|[E = O(F™* (2n) F'(n), 00) F"* () F ()} (F™* (") F' (27))P]  x, .
9
Condition 4.3 allows to estimate the last norm in (9) as follows:
I[E — ©(F™ (2n) F'(2n), c0) " () F ()] (F™ (%) F' ()P | x, =
= [I[E — O(F" (") F'(z"), ao) ™ («") F' (a™)|(F" (a™) F' (2™))P?| x, +
+ [[OF™ (") F'(z%), ag) F"™ (z") F'(z") —
— OF"™ (wn) F' (), 00) F™* () F' ()| (F™* (x*) F' (")) x, <
< 030/8\\?Hx1 +~H [G(F/*(x*zF’(w*)Lao)F’*(x*)F'(w*)—
— O(F™ (xn) F' (wn), 00) F™ () F' ()} (F™ (27) F' () )P0 | x,
(10)
Application of (1.1.6) yields
[@(FH;(CC*)FI(LIZ*), aO)F/*Ex*)F/(f*)_
— O(F" (xn) F' (wn), c0) F™ () F' (w0 )} (F™ (™) F' (™) 'V =
= ([@(F'*(x*)F’(x*% ao) ™ (a*)F'(2") — E]—
— [O(F" (2n) F' (xn), 00) F™* () F' (an) — E])(F’*(w*)F’(x*))p5 =
= QLM O\ ag)A = D[R\, F™ (™) F' (™))~
Cag
— RO\, F™ (@) F' (20))](F™* (%) F' (%) )PDd .
(11)
From (11) it follows that
IOF™ (") F' ("), ao) F™ (™) F'(z")—
— O(F"™ () F'(20), 000) F"* () F' ()] (F"™ () F' ()P0 x, <

<—/I1— (A @) AR, F™ (@) F'(2%)) = RO B (@) F ()]

(@) F (@)l o) 9], [ dA-
(12)
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Taking into account (3), we get the estimate

(RO P @) F )=
= ROVF" (@) F @O (0 )F @) x,) <

< calLlln — 3", +9)
- R

VA € Lgyp.

Then from (12) it follows that

[O(F (@) F'(a%), a0) ™ (2" F'(a*) -
— O(F"™ (@) F'(2n), a0) F () F' ()| (F" (") F' (&))" x, <

% ~ 1-0 )\,a()
< lLllon = o'l + )l [ O
Tag

By (13) and Condition 4.5 we deduce

I[OF™ (z")F'(z"), ag) F™ (™) F' (") —
— O(F™ (wn) F'(n), 00) F* () F' ()} (F™ (%) F' (%) )P3]| x, <

< co(Lllwn — 2™ x, +0)[[0]lx; -

Combining estimates (10) and (14), from (9) we obtain

C1
s — 2*lx, < —(

1 . N
L (5Ll — I, +6) + callil o+

2
+eo(Lllzn — %[ x, + )[[v]lx, + 24

A
‘]d)\].

13)

(14)

15)

We now intend to establish the following rate of convergence estimate for the

iteration (4):

c10 - -
|zn — 2% x, < lq”\/ao+m<L+03Hv||X1a€+cﬁHv||X15+CQA>; (16)

Jao

m,l >0, 0<g<l.
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Suppose (16) is valid for n = 0 and for a number n € N. To prove (16) by
induction it suffices to show that

2
ClL 615 ~ ~
1V — p ) A
2\/670[(] ao—i-m(\/OTO+63]v||X1040+06||v]X1 + ¢ >] +

_ c10 . -
+ ce L||7]| x, [lq"\/ao + m<—1 + e3|0]| x, 08 + c6 /0] x, 0 + 02A>] +
Vo

615 ~ P ~
o A) <
+( M+c3|rv\|xlao+c6\|v|rxl N

0
1g" /oo + m(\/% + c3]|0| x, o) + c6|0]| x, 0 + CQA)

A7)
Indeed, (15) and (17) imply

[Zns1 = 2%x, <

n c10 (18)
<lq +1\/Ozo + m(\/_ + e3|7]| x, o + c6|?]| x, 0 + 02A>

Inequality (17) is satisfied if

1 _
sellg+esl|lx, <q,

(19)
crLm? [ 16
Ll ) A
atimg + 5o (= alillxob +alil +ad )+
+ ceLm||v]|x, +1 < m.
Moreover, from (18) we conclude that the conditions
R
0<l< — -
2D
015 ~

R

0 A< —

2\/OZ_O + CGHUHXl + 62 — 4m
imply x,4+1 € Qr(x").

Let us now fix ¢ € (0,1/3) and derive conditions on [, m, ||7|| x,, 9, and A
under which (19)—(21) are fulfilled. Condition (19) is fulfilled if

9
ALl <1 [ilx, < 5oz (22)
Next, from (22) we deduce that (20) is valid if
2
1-3¢’
s 4 23)
Cle<\/—a_0 + Cg”UHXlOég + CGH'U”X15 + CQA) < \ Q.
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At last, (23) follows by the inequalities

- 1 c10 ~ Vo
< 1) A< . (24
Pl < QClchmagfl/T NG T esltllxad +ed < 2c1Lm (24)

Taking into account the first conditions in (21) and (22), we set

) 1 R
l—mln{Cl—L,Q—aO}. (25)

According to (21), (22), and (24), we impose on v the condition

~ R q 1
< d=mi . 26
ol < mm{ degmag’ 2c6L 2C1C3Lma€_1/2} (26)

From (21) and (24) it follows that 6 and A must satisfy the inequality

615 ~ . R 1/ Q0
) A< - ) 2
oo + c6||0]| x,0 + c2A < mln{4m, 201Lm} (27)

Thus we proved that if

015
Vao

and conditions (26) and (27) are satisfied, then (17) is valid. The next theorem
summarizes the obtained results.

oo &, < 1+ m( 1+ ol o + ol 0 + 2 ) (25)

Theorem 5.4. Suppose Conditions 4.2-4.5 and (26)—(28) are satisfied. Then
estimate (16) is fulfilled. Moreover,

. 615 ~ ~
| — ¥ < — b 1) A, (29
msup o, — "l < m( S+ e, + ol + o). (29)

n—oo

From (25) and (26) we conclude that the values [ and d are separated from
zero and m is bounded from above for all sufficiently small aig > 0. According
to (28), the initial point xg can be chosen subject to the condition

on - ac*HX1 < l\/ao.
Suppose § + A = O(af)); then from (29) we obtain

. ~1/2
limsup ||z, — 2" x, = O(ag / ),

n—oo
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where ozg_l/ % is much less than Vag if p > 1 and a9 — 0. Therefore the
iterative points z,, are attracted to a neighborhood of diameter O (af) Y 2), while
the initial point 2o can be taken from a larger neighborhood of diameter O (/)
centered at x*. Consequently the iterative process (4) is stable with respect to
variations of x( and to errors in F'(x) and in the sourcewise representation of
x* — £. For this reason, the scheme (4) is free of the problem of stopping

criterions.

Remark 5.7. The preceding arguing can be extended to the case where
x* ¢ Q. In this case, instead of (5) we obtain

|1 — 2" x, < 1€ = OF™ (@) F'(w0), o) F* ()

(F(xn) = F'(zn)(zn — €)) — 2"[|x, + dist (2", Q).

Therefore (15) takes the form

C1 1 ~
fen =2y < <2 (3Ll = 5° I, +6) + alll o+

+c(L||xn — ¥ x, + 9)[|V]|x, + c2A + dist(z™, Q).

Arguing as above, we obtain a result analogous to Theorem 5.4. It is sufficient
to replace the value A in (16), (27), and (29) by the sum

A + ¢y Mdist(z*, Q).

5.5 Stable Continuous Approximations and Attractors of
Dynamical Systems in Hilbert Space

In this section we propose and study a class of continuous methods for
approximation of solutions to smooth irregular operator equations in a Hilbert
space. The methods under consideration are continuous analogs of the iterative
processes of Section 5.4. Here, a solution of the equation is approximated by a
trajectory of an appropriate dynamical system. We prove that the trajectory is
attracted to a small ball centered at the solution.

We consider a nonlinear equation

F(z) =0, zecX. (1)

Suppose F(x) and an approximation F'(z) satisfy conditions of Section 5.4,
namely, the Lipschitz condition (4.1.2), the inequalities (4.2) and (4.3) and the
sourcewise representation (4.1.29). Let x* be a solution of (1).

A popular and widely accepted approach to solution methods for equations
(1) consists in constructing on a phase space X7 a dynamical system for which
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x* is a stable stationary point. In more exact terms, it is required to find a
dynamical system

T=®(x), z=z(t)eX;, t>0 (®:X;— X)) (2)

such that ®(z*) = 0, and , liin |z(t) — x*||x, = 0 at least for initial states
— T 00

x(0) = zo from a neighborhood of z*. Then, the element x(t),t — oo can
be considered as an approximation of z*. In the regular case, where F’(x)
or F"*(z)F'(x) is continuously invertible, as a dynamical system (2) we can
take, e.g., continuous analogs of the classical Newton—Kantorovich and Gauss—
Newton iterative schemes (3.1.9) and (3.1.10):

&= —(F(2)7 Fz), @&=—(F"@)F ()" F*(@)F(z).  (3)

However when equation (1) is irregular, the schemes (3) are not even imple-
mentable for the reasons discussed in Section 3.1. In this situation, the itera-
tion (4.4) can serve as a model for implementable continuous approximation
schemes applicable to arbitrary smooth nonlinear equations.

Below we study the following continuous analog of the process (4.4), in
which for simplicity we set Q) = X;:

i =& = O(F*(2)F'(z),00) F" (2)(F(z) = F(a)(z — €)) —z,  (4)

z(0) = zg € Q% (z*). (5)

Here x is an initial approximation to x*; ap > 0. Suppose O (A, «) satisfies all
the conditions of Section 5.4. Below it will be shown that a trajectory = x(t)
of the dynamical system (4) is defined for all ¢ > 0. Also, we shall establish
the following continuous analog of estimate (4.29):

o
li t) —x* < —+ v P+ 10]lx,0 + A ). 6
msup Jo(t) ~o* v, < (2= + [Fllxio + s+ 4). ©)

Arguing as in Section 4.5, we conclude that there exists a constant T =
T (z9) > 0such that the Cauchy problem (4)—(5) has a unique solution x = z(t)
defined on the segment [0, T']. Since z( € Q% (x*), we can assume without loss
of generality that z(t) € Qg (z*) forall ¢ € [0, T].

Let us denote

u(t) = glla(t) — 2°%,

If we repeat with a(t) = ag the arguing of Section 4.5, then we obtain the
following proposition.
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Theorem 5.5. Suppose Conditions 4.2-4.5 are satisfied. Let the sourcewise
representation (4.1.29) be fulfilled. Then for all t € [0,T],

. c R ~
a(t) < —u(t) + () + C3<a—0 1,02 + (53,6 + A)Q). )

Let us turn to asymptotic properties of trajectories = x(t) of the system
(4). To establish existence and uniqueness of a solution z(t) to (4)—(5) for all
t > 0, consider for (7) the majorizing equation

(1) = —y(0) + 2P0+
2o B ) (8)
+ea( S+ [Tl o + (ollsid+ A)), e 0
with the initial condition
y(0) = u(0). (9)
By the lemma on differential inequalities ([93]),

u(t) <y(t), 0<t<T. (10)

Suppose

&, (lx6+ A7
Qo

1

~ 2p—1

5 + 10015, 00" < ; (11)
200

402 C3

then as in Section 4.5 we conclude that the equation
) & ~N2. 2P ~ A2) =
—y+ =y o — + vllx, 00" + ([Plx, 6 +4)7 ) =0
Qo Qo

has two positive roots y; < y2, where

52 - -
y < 2c3<a—0 171,02 + (3,6 + A>2>, (12)
(&%)
a0 13
Y2 > 9y ( )

It is easily checked that each solution y = y(t),t > 0 of equation (8) with an
initial state y(0) € (y1, y2) decreases and, moreover,

lim y(t) =y (14)

t——+o0
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On the other hand, if y(0) € [0, y1] theny(t), ¢ > 0is anondecreasing function,
and again y(t) satisfies (14). Thus (14) is valid for each solution y(t) to (8)
with y(0) € [0, y2). Next, suppose

[ag
|lzo — 2% x, < P ap < caR2. (15)

From (9), (10), and (13) it follows that in the case where
1 * |12
y < u(0) = 5lleo - 2",

the conditions (15) imply

lz(t) = 2”|lx, = v2u(t) < V2y(t) < v/2y(0) =

= /2u(0) = ||lzo — 2| x,, 0<t<T.

If 0 < u(0) < yj, then again we have

l2(t) — 2*||x, < V2y(t), 0<t<T.

Since in this case the function y(¢) is nondecreasing, from (11) we get

y(t) < lim y(t) =y <

~ t—4o0

52 , o
<2 — 2112 P Pt S+A2) <« 20
C3<a0 + HUHX1050 + (HUHX1 + ) 2y
(67 ~
[2(t) — 2" x, < C—O, 0<t<T.
2

Therefore each trajectory = = x(t) with

remains in the ball Qm(aj*) forall 0 <t <T. LetT* = T*(xg) > T
be the full time of existence of the solution z = x(t) to (4)—(5), that is, x(t)
is uniquely determined for ¢ € [0,7) but x(t) can’t be uniquely continued

forward by time through ¢ = T*. Assume that 7* < co. Then we have
sup{[|z(t) — 2*||x, : t € [0,7)} < R (16)

and hence
sup{||z(t)|lx, : t € [0,T%)} < o0.
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As in Section 4.5, from (16) we deduce that there exists Z € Q% (z*) such that

lim JJz(t) = Z|[x, = 0.
t—T*-0
Therefore the solution m(t) can be continued forward by time through ¢ =

T* , and we conclude that T* = 00 ([55]). Thus we come to the following
proposmon.

Theorem 5.6. Suppose Conditions 4.2—4.5 and inequalities (11), (15) are
satisfied. Assume that the sourcewise representation (4.1.29) is fulfilled. Then
a solution to the problem (4)—(5) is uniquely determined for all t > 0.

In the conditions of Theorem 5.6, estimate (10) is valid for all £ > 0. There-
fore,

|z(t) — %] x, = V2u(t) < /2y(t), t>0. (17)
Since
Jim y(t) =y,

by (12) and (17) we obtain the estimate (6):

limsup ||z(t) — 2¥||x, <

t——4o0
5 N _ (18)
< (\/—a_o + Hv”Xlag + ||9]|x,6 + A), c1 = 2y/cs.
Moreover, (15) implies
la(t) — 2*|lx, < /5, t>0. (19)
c2

Let us summarize the obtained results.

Theorem 5.7. Suppose Conditions 4.2-4.4 and inequalities (11), (15) are
satisfied. Assume that the sourcewise representation (4.1.29) is fulfilled. Then
estimates (18) and (19) are valid.

Further, we denote

1) - -
11008 0) = ea (= o [l + [T+ )
0 (20)
(0]
T’Q(Oé()) = C_;)
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According to Theorem 5.7, the ball le 6.A ao)(x*) is an attracting subset

for trajectories of the system (4) with starting points g € €., (4q)(z*). If the
values d, A, ||7]| x, , and o satisfy a slightly more stronger condition than (11),
namely,

52 (IIo]]x,0 + A)2 2 2p—1 1
—t+ < , 21
a% + ap + HUHXlao 12¢oc3 (21)

then from (19) and (20) we obtain

2, (6,A,00) (z*) C Q,, (a0) (z%).

Notice that if oy € (0, 1), the value p is essentially greater than 1/2, and the
error levels d, A are sufficiently small, then (21) is satisfied and 1 (0, A, ) is
much less than r2(ap ). Moreover, for each point zg € €2,., (4, (") there exists
t = t(wo) such that z(t) € Q. (5 a0)(7") for all ¢ > t(zo). Therefore the
points z(t) for large ¢ can be considered as approximations to x* adequate to
the error levels § and A.

On the other hand, a behavior of the trajectory x = x(t) after z(¢) reaches the
ball 2., (5.A a0) (z*) is also of interest. Let us discuss this subject with special
emphasis on dependence of approximating points z(t),¢ — oo on the initial
state z(0) = xo.

Suppose (21) and conditions of Theorem 5.7 are satisfied. Let us consider
the metric space (X, p), where

X = Qm(ao)(m*); p(z1,22) = |21 — 22([x,, 21,22 € X.

LetV; : X — X,t > 0beanonlinear semigroup associated with the dynamical
system (4). By definition, V;(xo) = z(t); o € X,t > 0, where x = z(t) is the
solution of (4)—(5). It can easily be shown that the semigroup V; is continuous,
i.e., the mapping (¢,y) — Vi(y) is continuous in (¢,y) € {t : t > 0} x X. For
the sequel we need some notation.

Following [99, 100], we say that By C X attracts a subset B C X, if for
each ¢ > 0 there exists ¢ (¢, B) such that for all t > t1(e, B),

Vi(B)={z€ X :2=Vi(y),y € B} C U Q:(y).
y€Bo

The minimal (in the sense of inclusion) nonempty subset )t C X attracting each
B C X is called the minimal global (on X') B-attractor of the semigroup V;. A
semigroup V; is said to be pointwise dissipative if there exists a subset By C X
attracting each point of X. From Theorem 5.7 it follows that the semigroup
V; defined by (4) is pointwise dissipative with By = le (6.0,00) (z*). The aim
of forthcoming arguing is to prove that this semigroup has a minimal global
B-attractor and to establish its properties. Inrecent years many conditions have
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been derived which imply that a semigroup has a minimal global B-attractor
(see,e.g., [5,51,99, 100] and references therein). Below we shall use a criterion
given in [99].

Lemma 5.5. ([99]) Suppose a pointwise dissipative semigroup V; on X =
QTQ(ao)(x*) has the form V; = Wy + Uy, t > 0, where

sup [Wi(y)llx, <mf(t), t=0; lim m(t) =0, (22)
yeX t——4o00

and the operators U, : X — X3, t > 0 take each subset of X to a compact sub-
set of X1. Then the semigroup V; has a unique minimal global B—attractor 9.
The set M is connected, compact, and invariant with respect to the semigroup
Vi.

Recall that the invariance of 9t means V;(9%) = M V¢t > 0.

Let us show that the semigroup V; generated by (4) satisfies conditions of
Lemma 5.5.

Recall that an operator G : X; — Xy is said to be strongly continuous
on a closed convex subset Y C X if for each sequence {z,,} C Y weakly
converging to x in X7, the sequence {G(x,)} strongly converges to G(z) in
X ([142]). _

Suppose F'(x) satisfies the following condition.

Condition 5.6. The operator F(x) is strongly continuous on Q,.(x*), where
r > ra(ap).

Remark 5.8. Condition 5.6 yiclds that the derivative F'(z) € L(X1, X3)
is a compact operator for each = € 922(a)(x*). Besides, F’(x) is strongly
continuous as a mapping from €2,y (z*) into L(X1, X2) ([142]).

Lemma 5.6. Suppose Condition 5.6 is satisfied. Then the operator
d:X - X 1,

B(z) = & — O(F (2) F' (x), a0) I () (F(2) — F'(2)(z — £)) — @

takes each subset of X to a compact subset of X.

Proof. Since 5(1’) is continuous, it suffices to prove that each sequence
{7n} C Qpy(a)(x*) has a subsequence {z,, } for which {;1;(30%)} converges
strongly in X;. Let {xy,, } be a weakly converging subsequence of {x,, } with the
weak limit z. Taking into account Condition 5.6 and Remark 5.8, we conclude
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that {ﬁ (2r, )} has a strong limit f € X. Moreover, the sequences of compact
operators {F’(zy, )} and {F"*(z,, )} converge in L(X1, X2) and L(X2, X1)
to compact operators A and A* respectively. It now follows that the sequence

{F/*(‘rnk)(F(wnk) - F/(xnk)(xnk - 5))}
has a strong limit A*(f — A(Z — £)). To conclude the proof it remains to
note that {© (F"*(zy, ) F' (xn, ), ap) } converges to ©(A* A, ag) in L(X1). This
immediately follows by the representation

1 / O\, ag) RO, B () B () )N

OF" (an,)F' (). 00) = 5.
o

0

and the equality
Jim [R(), F™ (20, ) F'(2n,)) — RONA*A) || pixyy) =0 YA € Ty

The lemma is proved. 0

Let us now turn to the original semigroup V;. Consider the semigroup of
linear operators Wy (z) = exp(—t)z, t > 0 associated with the equation

T = —x.
We see that condition (22) is fulfilled with
m(t) = (=% x, +r2(a)) exp(=1).

Lemma 5.6 yields that the operator U; = V; — W;, t > 0 takes each subset of X
to a compact subset (see [93] for details). As a direct consequence of Lemma
5.5, we have the following result.

Theorem 5.8. Suppose Conditions 4.2-4.4, 5.6 and inequalities (15), (21)
are satisfied. Then the dynamical system (4) has on QSQ (ao)(x*) a minimal
global B-attractor M C Q. (5, A@O)(x*), which is a connected compact and

invariant subset.

With respect to the solution x*, the B-attractor 91 can be considered as
an approximating set independent of an initial point xg, unlike an individual
trajectory x = x(t) of the system (4)—(5).

Example 5.3. Let D be a finite—dimensional domain with a regular boundary.
Let K € C(D x D) and g € Lo(D). Then the operator

F : H'(D) — Ly(D),
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[F(2)](s) = / R(s,0)2%(c)do — §(s), s€D
D

satisfies all the conditions imposed on F (x) in Theorem 5.8. Indeed, since the

embedding H'(D) C Lo(D) is compact, F is strongly continuous; the check
of (4.1.2) is straightforward.

5.6 Iteratively Regularized Gradient Method and Its
Continuous Version

In this section we study a regularized gradient method and its continuous
analog. Unlike stable iterative and continuous processes proposed in Sections
5.1-5.5, the iteratively regularized gradient methods require a stopping to obtain
an acceptable approximation to a solution.

Consider an operator equation

F(z)=0, zeXi, (1)

where F': X1 — X5 is a nonlinear operator and X1, X5 are Hilbert spaces. As
in the previous section, we assume that the operator F'(z) and its approximation
F (x) satisfy condition (4.1.2) and inequalities (4.2) and (4.3).

In Section 1.2, we have pointed out that minimization of the Tikhonov func-
tional

~ 1 ~ 1
Vo(w) = SIF@)%, + 5oz =&k, zeXa (2)

until the present time remains the sole universal approach to constructing so-
lution methods for general nonlinear ill-posed problems. In (2), & > O is a
regularization parameter and £ € X an initial estimate of the solution z* to (1).
Under nonrestrictive additional conditions on the operator ﬁ(x) the functional
U, (z), € X1 has a global minimizer z. This is so, e.g., if F(z) is weakly
continuous (see Section 4.2). Further, it has been proved that the minimizers z,,
with @ = «(0) strongly converge to z* as 6 — 0, provided the regularization
parameter « is properly coordinated with the error level § ([17, 42, 137, 139]).
However an implementation of similar computational schemes in application to
general nonlinear operators ﬁ(a:) is considerably hampered by the necessity of
finding an exact or approximate solution to the complicated global optimization
problem

This fact stimulates a permanent interest to iterative realizations of Tikhonov’s
scheme where an iteration of a chosen basic minimization method alternates
with a decrease of the regularization parameter .. In particular, taking as a basic
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minimization method the standard gradient process, we obtain the iteratively
regularized gradient method

20 € Qp(z*), Tns1 = Tn — pin(F*(@n)F () + an(zn — ). (3)

Here 1, and o, are a priori prescribed values of the stepsize and the regular-
ization parameter at n—th iteration;

n >0, 0<ant1 <ap, lim a,=0.
n—oo
It is well known that in case of § > 0, the processes of type (3) usually diverge
as n — oo. Therefore to get an acceptable approximation of x*, we should
terminate iterations (3) at an appropriate step n = n () such that %ir% n(d) = oc.

If the functional )
V(z) = §HF($)II§(2

is convex, then the convergence x,,(;y — z*(6 — 0) can be established in the
context of iterative regularization theory ([17]). Unfortunately, such convexity
conditions arise to be too restrictive for most applied nonlinear inverse problems.
In [54, 127], instead of the convexity of ¥(x) the following condition on F'(x)
is used:

IF(@) = F(z) - F'(z)(z - 7)||x, < @
< C|F(E) - F(o)llx, Vz,T € Qgr(z").

Let us remark that practical verification of conditions of type (4) for most
nonlinear inverse problems is highly complicated, as well.

In this section we study the iterative process (3) and its continuous variant
without any structural conditions concerning the functional ¥ () or the operator
F(z). The continuous version of (3) has the form

&= —(F*(2)F(z) + a(t)(@ - £)), 2(0) = . (5)
Here x = z(t) € X1,t > 0; a(t), t > 0 is a differentiable function such that

a(t) >0, &) <0, t>0; lim a(t)=0.

t——+o0

The following approximate sourcewise representation condition plays a key
role in subsequent considerations.

Condition 5.7.

Tt —E=F*@w+w, veXyweXy; |w|x, <A. (6)
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Below we shall justify a stopping rule n = n(d, A) such that approximating
elements x,,(5 o) Obtained by the process (3) converge to z* as 9, A — 0. In the
case of continuous process (5), a stopping criterion has the form ¢ = (5, A),
so that the solution z* is approximated by the point z(¢(d, A)) of the trajectory
x = x(t). The stopping rule ¢ = ¢(d, A) that we propose below ensures the
convergence x(t(d,A)) — x* as 0, A — 0.

Let us return for a short while to the classical Tikhonov’s method

2 e Xy, Uu(ad) = min Uy (z). (7)

Suppose o = () = O(9) and Condition 5.7 is satisfied with A = 0; then the
estimate is valid ([42]):

|22, = 2*|lx, = O(6"/?).

We shall prove that the stopping rules n = n(J, A) and ¢t = ¢(J, A) ensure
analogous estimates:

|znis.0) — 2"[lx, = O((6 + A)'/?),

|2(t(8,A)) — 2% x, = O((8 + A)'/?).

From (8) it follows that the schemes (3) and (5) supplied with corresponding

stopping criterions guarantee the same error order in § as the regularization
procedure (7) based on a complicated global optimization technique.

First, let us establish necessary auxiliary estimates. For z € Qpr(z*) we
have

®)

F(z) = F(z*) + F'(z)(z — 2*) + G(z, z"),

|G, 2*)lx, < 5Lllw — "% v
Let 2, € Qr(x*). From (3) it follows that
lzns1 —2* (1%, =
= [[(zn = &%) = pn (F™ () F () + an(n — )1, =
— n — 2 e, — g — 2, F ) En) + nlin — ) 4
+ || F"* () F () + an (2 — )|, -
By (6) and (9) we get
Ap == 2pn (2 — 2%, F™* (20) F(20) + (@, — 5))X1 =
= — 2 pin||Tn — :U*H%Q — 2,un(xn — ", ﬁ/*(xn)é(azn,x*)—k (an

+ F* (2n)F(2*) + F* () F' () (2 — )+
+ an F™ (@) + oo (F™* (@) — F™* ()0 + anw)Xl.
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According to (4.1.2) and (4.3),

1" (@) = (@)l ixa, x0) = 1 (@) = F'(2) | (x1, 1) <

(12)
< L||x —x*||x, + 6.

Now suppose
follx, < minf -1 (13)
V|| x, < min AN
By (11)—(13) we obtain the estimate
A < =20t n = 2%, + 24in (I ' (@n) (@ — ), +
o IF (@) n = 7)1 (1P (@) s + 1Gn ) x, + lollxaom) ) +
+ 20ntin ([0l (Ellen = *llx, +8) + A) llzn — 2| 1x, <
< 20 pinl|zn — 2%, + 2L 0] x,0m 0 — 21, +
1 Tk ~ * 2
+ 5o (1@ xa + G (a2l + ol xaon) +

< —nptn|zn — ¥ |5, + 2001 (8 + A)|lzn — 2*x,+

1 1 . 2
+ g (84 5Ll = B + ol )

2
(14)
Using inequality (4.5.24), we get
* 1 *
O+ A)lzn —2¥x, < llzn — 2 5, + (0 +A)% (15)
Taking into account (4.5.23), by (14) and (15) we deduce
1 *(12 3 2 * |14
Ay < _QQnMonn - ”X1 + gL pnl|Tn — HX1+
; (16)
2 (8 4 (o113, 02) + 200p (5 + A
Further, by (4.1.2) and (4.2),
1F' ()| (x,x00) < N1 Vo € Qp(a”). (17)
Therefore,
1F () x, < [[F(z) = F(2)|x, + 1F(@)]x, < (18)

< Ni||lz — 2% x, +0 Vo e Qp(z™).
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From (6), (17), (18), and (4.5.23) we obtain
B, = N%Hﬁ/*(@’n)ﬁ(%n) + o (zn — 5)”,%(1 <

< 32 (1" (@a) F(an) I, + 2llen — o* %, +o2lla” — ¢k, ) <
< 302 (NE(Nillen — 21 x, +6)% + a2len — 23, + (19)
+ a2 |F (o +wl}, ) < 362 (N +ad) an — 2|3, +
+2NE8 + 202 (NP o]k, + A)).
Combining (10), (16), and (19), we get

|Zn+1 — 37*”%(1 = ||z — x*H?Xl + Ap + Bp <

1 %
< (1= S + 3N + a2 ) — I, +
3 2 4 3 2 2 2 (20)
+ 5L nllon — 2%, + Sin (0 + o5 00)+

+ 200 11 (8 + A)? + 642 (N12<52 +a2(N2||v|%, + AQ)).

Suppose the stepsize in (3) is proportional to the regularization parameter, i.e.,

fn = EQy, € >0; (21)

then the inequality

1
0<el —F—— 22
©=120eNT +ad) (22)
yields
1 1

1= Sanfin + 32N} + a2 2 <1 - Zeai. (23)

Using (20), (21), and (23), we get
e — 2"k, <

1 * 3 *
< (1 — Zsai) |zn —x ||§(1 + §L25aonn —z ||§(1—|-
(24)

3
+ §€an(52 + [[v][%,02) +2(0 + A)eai+
+6%a2 (202 4 o2 (NP o], +A%)).
Thus we proved the following statement.

Theorem 5.9. Suppose Condition 5.7 and conditions (13), (21), and (22)
are satisfied. Assume that x,, € Qr(z*). Then estimate (24) is fulfilled.
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Let us now describe a stopping rule for the process (3). Pick anumber m > 0
such that

m(d+ A) < ap (25)

and define the stopping point n = n(d, A) > 0 as follows:
n(d,A) =max{n =0,1,---:ap, >m(d + A)}. (26)
Since lim ay, = 0and ay1 < ap,n = 0,1,..., the number n(d, A) is well

n—oo
defined. Besides, we have

anp >m(0+A), n=0,1,...,n(5,A); 61Aim0n(6,A) =00, (27)

Ans,a)+1 <m0+ A). (28)
From (24) and (27) it follows that under the conditions of Theorem 5.9,
201 — 2[5, <
< 1 1 2 *112 3L2 * (14 29
< (1202 )lon — 2"k, + SL%anlzn — 24+ 29)
+eadD(v,m), 0<n<n(6A)—1,

where

1 /3 3
D(v,m) = poec <§+2a0+6N12a0€+6a85> + <§+6N12a05> lvllx,- (30)

Fix a constant C' such that

R
0<C < —. 31

Let us prove by induction the estimate
lzn — 2% x, < Cvan, 0<n<n(4A). (32)
To this end suppose the starting point x satisfies
lzo = 2% x, < CV/a. (33)

Let 0 < k < n(6,A) — 1, 2, € Qp(x*), and (32) is valid for n = k. Now
notice that (31) and (33) imply xo € Qg(z*). Next, from (29) and (32) we get

k1 — 2%, <

1 Qg 3 D(v,m) o
<(C? 1— —eaj —L*C? ’ BS
S ak+1{ ( 450%) o + <8 €+ o2 3 P
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It is readily seen that the right part of this inequality is estimated from above
by Cagy1, provided {«, } and C, ¢ satisfy

1 3 D(v,m
oy — pp1 < (Z - ngCQ - %)aai, n=0,1,.... (34)

Simple calculations prove that the following conditions are sufficient for (34):

R 1 C?
0<C<q¢—,——/, D(wv,m) < —,
- {\/040 L\/é} (v,m) 16
Oy — Oyt €
sup ———— < —. 35
n:O,IID,... Oé% -8 ( )

As an example of {«, } satisfying (35), we can take the sequence
) . [1 ade
an:m, O<3<m1n{§,T}.

Therefore under the above conditions, estimate (32) is valid for the number
n = k + 1. Finally note that (31), (33), and the monotonicity of {«, } yield

|2kt1 — 27| x, < Cy/agp < Cy/ag < R,

i.e., zp41 € Qr(x*). This completes the proof of (32).
In addition, suppose

sup

=r < oo. (36)
n=0,1,... ®n+1

The sequence {«,,} from the above example obviously satisfies (36). Letting
in (32) n = n(d, A) and using (28) and (36), we get

* On(5,A
|Zngs.a) — 2% %1 < C /Oy | —22L < 0y/mr(s + A).

An(5,A)+1
The following theorem summarizes the preceding arguing.

Theorem 5.10. Suppose Condition 5.7 and conditions (13), (21), (22), (25),
(33), (35), and (36) are satisfied. Then estimate (32) is fulfilled. Moreover,

[2ns.0) = % llx) < CV/mr(d + A). (37)
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Let us discuss the conditions of Theorem 5.10. From (30) we conclude that
the second inequality in (35) is valid if

m > 43+ dag + 12N7ace + 12afe /C,
o (38)
18(1 + 4N%age)”

The first inequality in (38) and the condition (25) impose a restriction on error
levels 6 and A; the second inequality in (38) and condition (13) establish an
upper bound for the norm of v in (6). At last, condition (33) means that the
starting point xg must be sufficiently close to the solution x*.

Let us now turn to the continuous analog (5) of the iteration (3).~

Using (4.1.2), as in Section 4.5 we conclude that there exists 7' > 0 such
that a solution z = x(t) to the Cauchy problem (5) is uniquely defined for all

t € [0,T]. Without loss of generality we can assume that zo € Q% (z*) and
z(t) € Q% (z*) forall t € [0,T7.
From (5), (6), and (9) we obtain

d (1 *(12
(5l =) =

= (z —a*, —F"(2)F(z*) — F*(2)F'(z)(x — 2¥)— (39)
— F*(@)G(z,3") — at)(z — ) — a(t) F™* (z)v+
+a(t)(F" () = F*(@"))v —a(thw) y , 0<t<T.
Further, by (9), (13), and (39) we deduce

d 1 * (|12
7 5”»”6—33 1%, | <

< | F'(@) (@ = 2%)||x,6 — | F (@) (@ — 2™) %, +
+ |1 F'(2)(x = 2") | .l Gz, 27) | x, — alt)l|z — 2|k, +
+ 1F (2)(x — 2) | xullollxat) + lr — 2" x, a(t) At
+ (Lllz = 27|lx, +0)llz — 2" | x, [[vllx,a(t) <
< a(t)(§ +A)llz — 2||x, — a®) (1~ Lilvlx,) o — "%, +

1 * - *
+ (3l = B + Iollxaa() + 8) IF@)(e - )l

lollx, <

(40)

—|F' (z) (2 — %) 1%,

Let us remember that from (4.5.24) it follows

* 1 *
(6+A) |z —2%||x, < ZHx — 2%, + (6 +A)2 (41)
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Besides,
1 * = *
(30— 271 + lelaae) + ) 1P @) = o)~

— |F'(z)(z — &%) 1%, <

(1 ) 2 42)
< Z <§LH$ — [L'*”Xl + (H'UHXQOC(t) + 5)) <
1

<

L2la — 2%, + vl () + 6%

Qo

Combining the inequalities (40)—(42), we get the estimate

d (1 \ 1 .
H (=1, ) < ~Jalolle - o7 B, +

1 *
5Ll = Ik, + ()3 + A)2 + [ol,a%(0) +67)),
Thus with the notation

we have the following result.
Theorem 5.11. Suppose Condition 5.7 and condition (13) are satisfied. Then

1 1
< — ia(t)u + §L2u2+

B (43)
+ (a(t)(5 + A2+ v, 02(t) + 52) vt € [0, 7).
By analogy with (25) and (26), pick a constant m > 0 such that
m(d + A) < a(0) (44)
and define the stopping point ¢ = (4, A) > 0 as a root of the equation
a(t) =m(d+ A). (45)

Since . ligl a(t) = 0 and the function & = «(t),t > 0 is continuous and
——+o0

nonincreasing, the equation (45) has a solution. Besides, from (45) it follows
that
a(t) =m0+ A), 0<t<t0,A). (46)
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Our task is now to establish a unique solvability of the problem (5), at least for
0 <t <t(,A). Let us denote

a(wm) = “O L s, (47)

Combining (43), (46), and (47), we obtain
1 1 ~
U < —§a(t)u+ §L2u2 + H(v,m)a?(t), 0<t<min{t(5,A),T}. (48)

Now, we need the following lemma.

Lemma 5.7. ([2]) Let functions y(t), o(t), and 3(t) be continuous on the
positive semiaxis. Assume that continuously differentiable functions ji(t) and
w(t) satisfy the conditions

u(O0)w(0) < 1 () >0, w(t) =0,
W < —y(t)w + o (t)w? + B(t),

ut) alt
050 <0 () - 1)

Then forall t > 0,

It can easily be checked that the functions

w(t) =u(t), )= go(t), olt) = 3I*

B(t) = H(v,m)a?(t), p(t) = o) '2

satisfy all the conditions of Lemma 5.7 if the following inequalities are valid:

52((?) > 5 20, (49)
d> max{4L2, 2‘;(20) } (50)
H(v,m) < 8—1d (51)
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2o — *|lx, < 20‘650). (52)
As an example of a function «/(t) satisfying (49) we can take
at) = %; s€(0,1), «a(0)=4s.
Let us now analyze conditions (50)—(52). Inequality (51) is valid if
m > 44/d(a(0) + 1), (53)
lollx, < — = (54)
4vd

Conditions (44) and (53) impose restrictions on error levels § and A; (54) and
(13) determine requirements on the element v in representation (6). Finally,
(52) establishes an upper bound for deviations of the starting point z¢ from the
solution z*.

If conditions (49)—(52) are satisfied, then by Lemma 5.7,

200(t ~
lx(t) — z%||x, < acg ), 0 <t < min{t(s,A),T}. (55)
According to (50) and (55), the trajectory x = x(¢) lies in the ball
0 * *
Q pal®) < ()

forall 0 < ¢ < min{t(4, A), f} It now follows in the standard way ([55]) that
T > t(0, A). Therefore inequality (55) is valid for all 0 < ¢ < ¢(d, A). Letting
in (55) t = t(d, A) and using (44), we get the following statement.

Theorem 5.12. Suppose Condition 5.7 and conditions (13), (44), (49), (50),
and (52)—(55) are satisfied. Then a solution to the problem (5) is uniquely de-
termined for all 0 < t < (3, A), where t(5, A) is specified by (45). Moreover,

2a(t)

l2(t) = 2"llx, </ =5 0<t<t(6A); (56)
Je(1(6, ) — ", < ) 220D, (57)

Let us denote

1 1
M(z*) = {2 + F™*(2*)v - <mind1,—, —— 1t \.
@) = {a Py ol < mind 1,5 2
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By (37) and (57) we conclude that in the case where A = 0, that is,
£ € M(z") (58)

the mapping that takes each approximate operator F (x) to the element Tn(s5,0)
or the element x(¢(0,0)), defines a regularization algorithm for the original
equation (1). In general situation where A > 0, estimates (37) and (57) mean
that this algorithm is stable with respect to small perturbations of representation
(58). Finally, if § = A = 0, then in (32) and (56) we can set n(5,A) =
t(9, A) = oo. Therefore in this case we have the estimates

len—a*llx, = O(Van),n=0,1,...; |le(t)—a*|lx, = O(/a(®), > 0.

5.7  On Construction of Stable Iterative Methods for
Smooth Irregular Equations and Equations with
Discontinuous Operators

This section is devoted to justification of a general scheme of constructing
stable iterative processes for nonlinear equations under different conditions on
their operators. At the beginning, we consider irregular equations with smooth
operators in a Hilbert space and propose an approach to constructing stable
iterative methods on the basis of classical minimization processes for strongly
convex finite—dimensional optimization problems. It is shown that the gradi-
ent projection method (2.1) can be obtained in this context as a simple special
case. Then we explain how to extend the scheme to equations with discon-
tinuous operators. We also discuss an extension of the methods of parametric
approximations to discontinuous equations.

We start with equation (6.1) in the assumption that F' : X; — Xy isa
nonlinear Fréchet differentiable operator in a pare of Hilbert spaces (X7, X2).
Suppose the Lipschitz condition (4.1.2) is satisfied so that

IF' (@) = F'()llcxix) < Lle—yllx, Yo,y € Qr(z™). (1)

Let F : X; — X> be an approximation of F(x). Assume that F(z) satisfies
(1) with the same constant L. Furthermore, let

IF(2)=F(2)lx; <6, |[F'(2)=F'(2)|lLx,x0) <8 Vo € Qr(z"). (2)
According to the above conditions,

| F" ()| £(x1, %) Hﬁ,(@HL(Xl,Xg) <N VzeQgp(z").

Now pick a finite—dimensional subspace M C X; and assume that the
following condition is satisfied (compare with Condition 5.3):
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Condition 5.8.
N(F'(z*)) n M = {0}.

We shall consider M as a Euclidean space supplied with the norm and scalar
product of X;.

Also, choose an element £ € X satisfying Condition 5.4 with some A > 0.
Let us construct for equation (6.1) the approximating optimization problem

in U 3
min M,e(z), (3)

where
Tane(@) = 5| Fan @k Fraele) = Flo+ €~ Pug), 7€ M.
With the notation
Me={zeXi:o=u+&uec M},

we can rewrite the problem (3) as

1 ~
in ~||F(z)||%..
zrg}\gﬂ\l (7%,

It can easily be checked that the functional v M, ¢ : X1 — R has the Fréchet
derivative F"*(z 4+ & — Pm&) F(x + & — Pmé&), x € Qp(2*) but if we consider
W4, ¢() as a functional on M, then the derivative takes the form

Ty (1) = PaF" (246 = PuF(x +6~ Pagg), z€ M. (4)
Further, let
A< —. (5)

4,

|

91

Let us remark that by (5) and Condition

[(@+ & = Pamg) —a%[|x, <
<[(Prm = E)@* = Ollx, + llz — Pra™|lx, <R

for all ¥ € Qp/o(Pmx*) N M. This allows to use (1) and (2) for points
z+&— Pyé&withx € QR/Q(PMx*) n M.
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The aim of forthcoming arguing is to estimate from below the norm || \TJ’M (@) x, -
From (1.1.14), (1), (2), (4), and Condition 5.4 we obtain

19 e (@)l x, = IPME™ (2 + € — Pré) Fla + € — Pé)lx,
= | PMF™(z + € — PM&)[F(z + € — Pué)—
— F(Ppya™ + & — Pmé) — F'(z 4+ € — Pué)(z — Pya®))+
+ P F™ (2 4 € — Pul)[F(Ppa™ + € — Pué)—
— F(a*) — F'(a")(Pma* + € — Ppé — a%))+
+ PMF* (2 + £ — Pu&F'(x + & — Pyé)(x — Pua®)+
+ P F™(z + € — Ppé)(F () — F(z*))+
+ PrF" (@ + & = Pu&F' (") (Pma® + & — Pué — 2%)|x, >
> | PME (2 + € — Pré) F'(z + € — Pr&) Pl — Pva™)| x,—
— %NlLH:c — Pya*|%, — NPA — %NlLAQ — Ni§
Vo € Qr/o(Pma™) N M.

(6)
As in Section 5.2, from Condition 5.8 we deduce
p=inf{\: X\ € o(PyF"*(z*)F'(z*)Pym)} > 0.
We shall need the following analog of Lemma 5.3.

Lemma 5.8. Let Conditions 5.4 and 5.8 be satisfied. Assume that
p — 4N1(5

§< L @w+e—Pud) —at|x < INL o

4Ny’
S QR/Q(PM:L‘*) n M.

Then

<—007 g) No(PmF™(x + & — Pu&)F'(x + € — Pyé)Pu) = 0.

Now suppose the error levels § and A satisfy the following additional con-

dition: P
0+ LA < — 8
+ SN, (8)

Using (8), for all points z € Q2 /o(Prx™) N M such that
(9)
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we get

(@ + & = Pmé) —a™([x, <
< (Pm = E)(@" = Ollx, + [l — Pra™[|x,
p p— 8N1d p _ p—4Ni0

<A < =
ot 8N1L — &8NiL + 8N1L 4N1L

Therefore conditions (8) and (9) yield inequalities (7). For this reason, referring
to Lemma 5.8 below, we shall use (8) and (9) instead of (7).

Let us now analyze the first summand in the right part of inequality (6). By
Lemma 5.8, for a bounded selfadjoint operator

A =PyF"(x+ & — Pyl F (x + € — Pré) P

IN

we have

and hence,
Nf

| Ayll%, = / Nd(Bxy.y)x, >

0
NY

1 1
> 37 [ dBwn = 1ok e M.
0

Here { £\ } is the spectral family of A. Consequently for all points
T € Qpj(Pmar™) N M
satisfying condition (9),
IPAE" (2 + € = Pr&)F' (2 + € = Pra&) Pale — Puaa™) | x, =
> 2 plle — Praa®x,.
Using (6) we then obtain

- 1 1
[P, (@)%, = 3Plle = Pma*llx, — 5NiLfjz — Pz |k, — (10,
1

— N2A - §N1LA2 — Ny6.

From (10) it follows that for all z € M such that

R
Hx—PM"L‘*HXl SroEmln{g,ﬁ}, (11)
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the estimate is valid:
|z — Pra®||x, < p (AW ¢(2)l|x, +ANFA+ 2N LA? +4N16). (12)

Thus we proved the following auxiliary result.

Theorem 5.13. Suppose Conditions 5.4 and 5.8 and inequalities (5), (8),
and (11) are satisfied. Then (12) is fulfilled.

Let us now study local properties of the functional ¥ M, e(x) on Min a

neighborhood of the point Py z*. Our immediate task is to prove that W yq ¢ ()
is strongly convex near P4z and to estimate the diameter of a neighborhood
where W ¢(x) is strongly convex. By Lemma 5.8,

(PME" (2 + & = PU€) F'(a + & = Pré)Pamlz — )z —y) i, >

1 2 % 3)
> Splle =yl Vo € Qn(Pra®) 1M,
In addition to (5) and (8), let
5+ NA< 2 (14)
— 8L
For all
z,y € Qp (Ppqx*)NM; 1= mm{E, 16N1L}

we have

(Vg e(x) = Wy e(y), = 9)x, =
= (PMF™"(z + & — Pr&)[F(z + & — Pr) — Fy + & — Pyé)—
— Fl(z+&— Pué) (@ — )z —y) , +
+ (PmF™ (@ + & = PuOF (x4 & = Pm&) Pulz —y), o — y) . +
+ ([P F"™(z + & — Ppé)—
— PuF"(y+ € — Pué)IF(y+ € — Pr),z —y) . -

1
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Hence from (13) and (14) it follows
("Iv’/x\/t,g(x) - ‘I’/M,g(y)w’ﬂ —Y)x; >
> olle =yl — gMiLllz —ol%, — Lz — olk,
(I + € = Pasd) = F(Paaa™ +€ = Pu®)lxa
+IF(Pra* + € = Pug) = Fa*)|y, + IF(@") = Fa")llx,) =

1 1 " 1 *
> llo = ol (39— 3MiLlle — Pace”llx — g MLl — Praalx,—

- Nl = Pua’ L, = LG+ i) = Flle - ol
(15)

Taking into account the criterion (1.1.17), by (15) we obtain the following
proposition.

Theorem 5.14. Suppose Conditions 5.4 and 5.8 and inequalities (5), (8),

and (14) are satisfied. Then the functional W g ¢(x) is strongly convex on
Q. (Ppx™) N M with the strong convexity constant k = p/8.

We now intend to prove that there exists a point T € Q0 (Prgz*) N M with
W'y4 ¢(T) = 0. The point T obviously is a local unconstrained minimizer of

WU v, ¢(x) over the finite—dimensional subspace M.
The following proposition is well known (see, e.g., [95]).

Lemma 5.9. Let f : D — H be a continuous mapping from an open subset
D of a finite—dimensional Euclidean space H into H. Let a € D and

(f(x),z —a)g >0 Yz €dD = D\D.
Then there exists a point T € D such that f(T) = 0.
Let us apply Lemma 5.9 setting
f(z) =Wy e(2), a=Puz*, D=9 (Pyz*)NM, H=M.

Suppose § and A are sufficiently small so that

1
2NZA 4+ N{LA? +2N;6 < LPTL (16)



214

Stable Iterative Processes
Since
(Whg e(@), @ — Pra®)x, = (PrE™(z + € — Prm&)[F(z + € — Pmé)—
— F(Ppma* + & — Pué) — F'(w + & = Pmé)(w — Pra™)], @ — Pua®) o +
+ (PMF"™ (2 + € = Pr&)[F(Puma™ + € — Pmé) — Fa™)—
— F'(a*)(Puma” + € = Pm& — 2%)], 2 — Pua®) . +
+ (PMF™ (2 + & — Pu&)(F(a*) — F(2%)), 2 — Puz®)  +
+ (PMF"™( + € = PM&F' (2%)(Pra* + € = Pmé — 2%), 7 — Pua®) . +
+ (PMEF™ (2 + & = Pm&)F' (2 + € — Prm&) Pl — Paa™), & — P
using (13) and (16), for all z € M with ||x — Pypa*||x, = r1 we get
(\TflMg(:U),:c — Ppma™)x, >
> 2 plle — P, — 5 MLl — Paa %, ~
_ <N12A + %]\GLA2 + N16> |z — Pymz™|x, >
> (gpﬁ — <N12A + %NILAQ + N15>> > i,m’% > 0.

From Theorems 5.13, 5.14 and Lemma 5.9 it now follows

Theorem 5.15. Suppose Conditions 5.4 and 5.8 and inequalities (5), (8),

and (16) are satisfied. Then there exists a unique point T € Q2 (Ppa™) N M
such that

Uy ¢(T) = 0.

Moreover, the estimate is valid:

|Z — Pmz*|lx, < p '(ANEA + 2N, LA% 4 4Ny6).

Now let us choose a finite—dimensional optimization method and apply it
to the problem (3). Such methods usually generate relaxational sequences of
iterative points, that is, sequences {x, } C M with the property

Upte(Tne1) < Upge(en), n=0,1,....

Let us determine conditions under which all points of a relaxational sequence
xo, 1, ... belong to the ball Q,., (Pypz™) N M. Suppose

20 € Qp, (PMx*) nM.
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It is sufficient to establish the inclusion
B e(0) = Uy (Pra™) N {z € M Wag g(a) < Tpge(w)} C
- Q,Ql (Ppmz™) N M.
By Theorem 5.14 and (1.1.18),

&7 &7 &7 p
Wt e(2) > W e(@o) + (W ¢(20), 2 — 20) x, + gl = o3,
Vi € Qp, (Puz*) N M.

A7

From (17) it follows that for each z € Eaq, ¢(x0),

Elle = o]l%, < (Ppy elao),zo —2)x, =
= (PmF" (z0 + & = PMmE)F(z0 + € — Pm§), 20 — ) ., <
< N1 (I1F (0 + € = Pu) = F(Pua™ + € = Puaf)ll et
+ | F(Praa™ + € — Pa€) — Fla*)|x,+

F(P
+||F(z*) - F(a *)HX2>H9«“0 —zllx; <
< (N{llzo — Pma™||lx, + NP A + Ni6)||wo — 2| x, -

Consequently,
[0 — [l x, <
< 8p Y (NP|lzo — Pma*||x, + NFA + N18) Vo € Eng ¢(x0).
Let § and A satisfy the condition
16NZA +16N16 < pry, (18)

and the starting point ¢y € M be chosen such that

pT1

—_— 19
16N? + 2p (19)

on — PM@"*HXl < Tro =

Then by (19) we get

[z — Pma®|[x, < llwo — zl[x; + llzo — Prma™|x, <
< p H((8NT + p)||lwo — Pma*||x, + 8NEA + 8N16) < r1.

Therefore,
EM7§(LB0) C 991 (Pyx™) N M.
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Thus we proved that if zyp € M is taken subject to (19), then all points of
a relaxational sequence {z,}5° lie in a region of strong convexity of the
functional ¥ M,e().

Consider an iterative method for solving an optimization problem

min z),
z€A(x0) w( )
where

2o € M, A(wo) = {x € M:4(x) < (20},

and a functional ¢ : M — R is smooth and strongly convex on A(z(). Assume
that for each 1) satisfying the above conditions, the chosen method generates a
relaxational sequence {x,,} C M (¢Y(zp+1) < ¥(x,),n =0,1,...) such that

Jim [l 3x, =0
~ ~ . 20
FeA(wo), (E)= min U(a). 20
z€A(z0)
Then we shall say that the method is a converging relaxational method.
Combining (20) with (12), we get the following result.

Theorem 5.16. Suppose Conditions 5.4 and 5.8 are satisfied. Let 6 and A
satisfy conditions (5), (8), (14), (16), and (18), and the initial point xo € M is
chosen subject to (19). Let a sequence {x,}, n =0,1,... be constructed by a
converging relaxational method in application to the problem (3). Then

i [|Page () =27y, = [1Page (@) = 1, < o
< p Y ((AN? + p)A + 2N LA? 4 4N16);

T€ O (Puz)NM, U ()= i v .
T € Oy, (Pma”) M,¢(T) e, B M,¢(x)

According to (21), the points Py, (zn) = @ + § — Pa€ are attracted to a
neighborhood of z* with diameter of order O(d + A). If § € M(2*) = 2*+ M
and § = 0, then by (21),

JHEOHPMs(xn) - x*”)(l =0.
Clearly, the problem of finding such ¢ is of the same order of complexity as the
original equation. Estimate (21) now implies that the iterative process {z,, }
is stable with respect to errors in F'(z) and to deviations of the controlling
element ¢ from its admissible subset M(z*). Theorems 5.15 and 5.16 justify
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the following general algorithm of constructing stable iterative processes for
equations (6.1) with smooth operators.

Algorithm 5.1

1) Pick a finite—dimensional subspace M C X1 and an element £ € X3
satisfying Conditions 5.4 and 5.8.

2) Construct the optimization problem (3).

3) Choose a converging relaxational method.

4) Choose an initial point xo € M subject to condition (19).

5) Apply the chosen method to the problem (3) with the starting point xq and
obtain a sequence {xy,}.

6) Obtain approximations Py, (zn) = xn +E& — Pm&,n > 0to the solution

z*.

Example 5.4. Let us apply to (3) the standard method of gradient descent
ro € M, Tpi1=ap— ’Y‘T’ivt,g(wn) (22)
with sufficiently small stepsize v > 0. Since x,, € M, n > 0, from (4) we get
Tt = n — YPME (20 + & = P F(an + € — Pué) =
= Pp(zn — vF" (2 + & = Pr&)F (20 + & — Pm§)).
Setting x,, = x,, + £ — Pp& we can rewrite this process as follows:
5() S Mg,

Tai1 = Pra(wn — Y F" (20 + & = PuE)F(an + & = Pr)) +
+&— Pumé = PM(gn _5_'7F,*(§n)F(§n)) +¢.

The iterative process (23) coincides with the method (2.1) studied in Section

5.2 under slightly different conditions. Under the conditions of Theorem 5.16,

the iteration (22) converges at a geometrical rate to a local minimizer T of the

functional ¥ M, e(x) [113, 115]. Therefore we get the following refined version
of Theorem 5.2.

(23)

Theorem 5.17. Suppose Conditions 5.4 and 5.8 and inequalities (5), (8),
(14), (16), and (18) are satisfied. Let xo € M be chosen subject to (19). Then
there exists vy > 0 such that for the process (23) with v € (0,79) we have

||§n_§”X1§ng, n=01,...; QO6(0>1)7
where T = Py, (T). Moreover,

|7 — 2*||, <o H((ANT + p)A + 2N LA? + 4N16).
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Further examples of converging relaxational methods are conjugate gradient
type processes, Newton’s method and various quasi—Newton schemes [113,
115].

Example 5.5. Fletcher and Reeves’ conjugate gradient method is a converg-
ing relaxational method [34]. The method is defined by the formulae:

T4l = Tn + VnDnj (24>

Yn > 0, @M,f(xn + 'ann) = 151;8 E’M,ﬁ(xn + Vpn);

_EIVI/M@(:U”)’ n=0K,2K...,
HIW @), W e (@Dl Pn1, n#0,K,2K ...,
K = dimM.

Let us now present an approach to relaxation of smoothness conditions im-
posed above on the operator F'(x). Consider an operator equation

F(z) =0, € D(F), (25)

where ' : D(F') C X1 — Xj is a nonlinear mapping and X, X5 are Hilbert
spaces. We don’t assume that F'(z) is everywhere defined. Moreover, the
domain of definition D(F') doesn’t need to contain any open subset of X.
Also, no conditions on the structure of D(F’) are a priori imposed. We only
assume that z* € D(F') and the pare (M, &) is chosen such that

M C D(F).
Now, define for F'(z) the approximating operator
Fyme(x) = F(x+ & — Pyg), xeM.

Suppose the operator Fq ¢ : M — X3 is Fréchet differentiable, and F) ¢(2)
satisfies the Lipschitz condition

1FM.e(@) = Fag el Lom,xa) < Ll = yllx,

(26)
Va,y € Qr(Pymax™) N M.

We stress that [y, (), 7 € Qr(Pma™) N M is considered as a mapping from
M into X5 but not from X; into X,. Moreover, nigher a differentiability of
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Fm, ¢(x) nor even definiteness of this operator on an open neighborhood of
Ppx* is assumed. In the case where F'(x) is well defined and differentiable
on X7 so that

Flelr)=F(z+&—-Pus), ze€Xi,

we make no assumptions concerning regularity of F'(z).
Suppose instead of the true operator F'(x) we have an approximation

F:D(F)C X1 — Xo.
Then the true operator F)yq ¢(x) is not accessible but we can use
Frme(a) = F(z+ € — Pyé), zeM
as its approximation. Suppose that
M; C D(F).

Let the operator F ‘M, ¢ : M — Xo be Fréchet differentiable and satisfy condi-
tion (26) with the same constant L. Also, let

1Fa, (@) = Faae(@)llx, <6, [[Fag (@) = Fage@)loimox <0
Vo € Qr(Pmax™) N M. (27)
From (26) it follows that

I @y [1Fae@)llom ) < N
V& € Qp(Pyz*) N M.

We can now approximate equation (25) by a variational problem of the form
3):

e - 1=
min U e(2); U e(e) = S| Fame(@)|k,, zeM. (28)
zeM 2

Let us introduce the operator
Faigor i M — Xoy Fag () = F(z + 2" — Pya™), xzeM. (29)

In essence, F'aq, o+ () is the restriction of F'(z) to the affine subspace M-
obtained from M by a parallel shift at z*. Suppose the operator Fq, 5+ () is
Fréchet differentiable. We denote

Ay = | Flu,e(Prx™) = Fag,oe (Praz™) Lo, x,)-

In the sequel we assume that the following analog of Condition 5.8 is satisfied.
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Condition 5.9. The operator F/I\/l,x*(PMx*) : M — X is injective, ie.,

N (Fiy, o (Ppa*)) = {0}

As above, we denote
p=inf{\: X € o(Fyy o (Pmz™)Fiy o (Pra™))}

Condition 5.9 then yields p > 0. The value p = p(M) obviously depends on
the subspace M but p is independent of the element &.

Arguing as in Section 5.1 and taking into account (26), we get the following
analog of Lemma 5.8.

Lemma 5.10. Suppose Condition 5.9 is satisfied. Assume that

(5+A2§L; H:C—PM.%*HXIS

SN, z € Qr(Pmx™)NM. (30)

_P
SN1L’
Then _
14 % -
(5.5 ) N o(Fe)Fagelo) =0

Notice that conditions (30) serve as analogs of inequalities (8) and (9).
Using Lemma 5.10 instead of Lemma 5.8, we obtain the following nons-
mooth versions of Theorems 5.14-5.16 (with p = p(M) inplace of p = p(M)).

Theorem 5.18. Suppose Condition 5.9 and inequalities (26) and (27) are
satisfied. Let §, Ao, and || Fpq, ¢(Pma™)|| x, satisfy the conditions

S+ A< 2 4 ||Fue(Pua™)|x, <

31
= (31)

i
8L’

Then the functional W M, () is strongly convex on Q.. (Ppx™) N M, where

_ i p
ry = mln{R, 16N1L}'

If, in addition,

* or3
o0+ || F Puz )|l x, < =
H M,{( M )H 2 8N1?

then there exists a unique point T € ). (Ppyx*) N M such that \TI’M () =0.
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Theorem 5.19. Suppose Condition 5.9 and inequalities (26), (27), and (31)
are satisfied. Assume that

* 57“3
0+ |F Py < —

+ [ Fm,e(Pma”) | x, < 16N,
Let an initial point o € M be chosen subject to the condition

prs

— Ppz® < = 32
Then for each sequence {xy}>2 o C M such that
Ut e(@nr1) € Uare(en),n =015 lim [Ty e(an)llx, =0,

we have
Jim [|1Pag(@n) = @*llx, = I1Pae (@) = 2”lx, <

< A5 N (| Fan e (Paa) | x, + ) + A

Under the conditions of Theorems 5.18 and 5.19, we can construct stable
iterative methods for equation (25) using the following algorithm.

Algorithm 5.2

1) Pick a finite—dimensional subspace M C X1 and an element § € X,
such that M¢ C D(F) N D(F) and Conditions 5.4 and 5.9 are satisfied.

2) Construct the optimization problem (28).

3) Choose a converging relaxational method.

4) Choose an initial point xo € M subject to (32).

5) Apply the chosen method to (28) with the starting point xo and obtain a
sequence {xy}.

6) Obtain approximations Py, (zn) = xp +E& — Ppm&,n > 0 to the solution

z*.

In particular, applying to (28) the method of gradient descent from Example
5.4, we obtain the process

T9g € M, Tpt+l = Tp — ’yﬁjl\tl’g(ﬂ?n)ﬁ/\/"g($n); v > 0. (33)

Let us make several remarks concerning a choice of M subject to Conditions
5.8 and 5.9.

First note thatif F'(x) is differentiable and the derivative F”(z*) is an injective
operator, then both conditions are satisfied with an arbitrary finite—dimensional
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subspace M. Furthermore, let X 1 C X1 be a Banach space embedded into X
and the operator F' : X 1 — X3 be differentiable with the injective derivative
F'(x*) : X1 — X,, where 2* € X;. Then Conditions 5.8 and 5.9 are sat-
isfied with an arbitrary finite—dimensional M C X. Operators F(z) of this
type arise, e.g., when studying acoustic inverse scattering problems ([30] and
Sections 6.3-6.5).

Generally speaking, the subspace M can be chosen subject to an analog of
Condition 5.8 involving a point & # z™* in place of x*. In fact, let a differentiable
operator F'(x) satisfy (1), and

N(F'(z))n M = {0}. (34)
According to (34),
wp = hiéljf/l |F'(2)h||x, > 0. (35)
llAllx, =1

Combining (1) and (35), we get the following proposition.

Theorem 5.20. Let a differentiable operator F(z) satisfy (1). Assume that

(34) is fulfilled, and
I~ a*llx, < minf o, 2
T—z ming —, —— o.
x= 272N,
Then Condition 5.8 is satisfied.
Due to Theorem 5.20, variations of a point  in a neighborhood of «* provide
additional means for a choice of M.

Similar arguing is applicable to Condition 5.9, as well. By analogy with
(29), consider the operator

FM79&2M—>X2; FM@(SU):F(x-FSAU—PMQA}), re M
and denote
Az = [|Fq, g (Prma™) = Fg 2 (P2 L, x)-
Instead of Condition 5.9, assume that
N(Fpy 3(Ppi)) = {0} (36)
By (36) we deduce

= inf ' (Pui)h > 0.
wp= inf [0, 2 (PrmE) || x,
IRl x, =1



Iterative Methods for Equations with Smooth and Discontinuous Operators 223

The following assertion is analogous to Theorem 5.20.

Theorem 5.21. Suppose a point & € X1 and a finite—dimensional subspace
M C X satisfy (36) and the inequality

w2
Ag S 7
Then Condition 5.9 is satisfied.

In a conclusion, let us present a scheme of extension of parametric approx-
imations methods from Chapter 4 and Sections 5.4-5.5 and iteratively regu-
larized methods of Section 5.6 to equation (25) with a discontinuous operator
F : D(F) Cc X; — Xao. Pick an orthoprojector Q € L(X5) and denote

M= R(Q). Along with (25), consider the approximating equation
QFm.¢(x) = QFpm e(Puma™) =0, ze M. (37)
The point Py x* is clearly a solution to (37). Observe that the operator
G:M—M; G)=QFu.e(x) — QFup ¢(Pyz*), zeM (38)

is Fréchet differentiable with a Lipschitz continuous derivative in a neighbor-
hood of Pyqz*. Therefore the mapping G satisfies all the conditions imposed
on F'in Chapter 4 and Sections 5.4-5.6. Since the last summand in (38) is not
accessible, instead of G’ we really have the approximation

GZMH//\Z; é($):QﬁM7§($), x € M.
The approximation error is estimated as follows:
IG(z) = G(@)llx, <6+ 1Fam,e(Pra) | xzy 7 € M.

Let us remark that G'(z) = G/(z),z € M. Now, applying the iterative and
continuous methods of Chapter 4 and Sections 5.4-5.6 to the smooth equation
(37), we can obtain approximations to the solution Py z* of (37) and hence to

x*. Here the case of infinite—dimensional M is not excluded; we can even set
Q =FEand M = Xs.



Chapter 6

APPLICATIONS OF ITERATIVE METHODS
TO INVERSE PROBLEMS

This chapter is devoted to applications of iterative processes proposed in
Chapters 4 and 5. The materials presented here primarily reflect the authors’
experience in numerical solution of inverse problems of mathematical physics.
Nowadays, there exists a wide range of papers with various numerical algo-
rithms for special classes of inverse problems. These algorithms every so often
are formulated at a physical level of severity, without rigorous theoretical anal-
ysis; nevertheless the use of such algorithms when solving a separate problem
can give quite satisfactory results despite the lack of a comprehensive conver-
gence theory. On the contrary, investigations presented in previous chapters are
aimed at a unified formal analysis of wide classes of abstract iterative methods.
The methods developed in Chapters 4 and 5 are applicable to irregular operator
equations and inverse problems of various forms. Succeeding numerical ex-
amples are intended to demonstrate only a capacity for work of these formally
justified methods; we don’t try to obtain any kind of the best numerical solutions
to the considered inverse problems. In order to get such best approximations,
one should make the most use of all special features of a problem under consid-
eration. Sections 6.1 and 6.2 are devoted to applications of iterative methods
to inverse gravimetrical problems. In Sections 6.3—6.5 we describe numerical
experiments with these methods when applied to inverse acoustic scattering
problems in different settings.
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6.1 Reconstruction of Bounded Homogeneous Inclusion

In this section we consider the problem of detecting a 3D body localized
below the earth surface, by measurements of the gravitational attraction force
on the surface [17, 102]. Suppose subterranean masses of density p(®) fill
the half-space R3 = {r = (r1,79,73) : 73 < 0} and contain a bounded
homogeneous inclusion D of density p(*) > p(?); the values p(©) and p(*) are
given. Suppose D is a domain in R? ; then the body D creates an additional
gravitational field with the potential

dr! drhdr?,
U(r) = 7o(pV—pl0 / L — .
V(ry —r)? + (rh —r2)? + (1§ —13)

r e R3,

where v is the gravitational constant. Due to the presence of D, on the earth
surface P = {(ry,79,73) : 73 = 0} arises an additional vertical component of
the gravitational attraction force

0
g(ri,me) = 8r3U( )Tg |
1
_ (0) 7‘3d7“1d7“2d7”3 (
Yolp D/ (P = r1)2 + (rh — ro)2 + r2)3/2°

Suppose the units of measurements are chosen such that 'yo(p(l) — p(o)) = 1.
Let Y be a domain in the plane P. The inverse problem of reconstructing a
bounded homogeneous inclusion is to determine the body D given the values
{g(r1,72) : (r1,7m2) € Y'}. Unique solvability of this problem follows by
Theorem 3.1.1 of [66].

Suppose the body D is star-shaped with respect to a known point (0,0, —H ),
where H > 0. Using the spherical coordinates with the origin at (0,0, —H),
we can present the boundary 0D in the parametric form as follows:

r1 = p(f,p)sinfcosp, 1o = p(f,p)sinbsinyp,
r3 = —H + p(8, ) cos 0;
p0,9) >0, 0el0,n], ¢e€l0,2n] (r=(r1,rz,r3) € 0D).

Therefore the function p = p(6, ¢) completely determines the boundary 0D
and hence the body D. By (1) we deduce that p = p(6, @) satisfies the nonlinear
integral equation

/@(0(93@,9790; r1,72)d0dp — g(r1,m2) =0, (r1,r2) €Y, (2)
)
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where Q = [0, 7] x [0, 27| and

P(p,0,p;1r1,12) =

. (3
r1 —tsinfcos )2 + (ry — tsinfsin )2 + (H — tcos 0)?2]3/2 (3)

p
B / t2(H — tcos ) sin Odt
[(
0
Let p = p*(0, ) be a solution to equation (2). Suppose the function p*(0, )
is continuous on €2, and

0<p"(0,0) <H V(0,p) €.

Let us denote

F(p)(r1,72) =/‘P(P(@m)ﬂ,@;n,m)d@dw—9(7“177‘2)7 (r1,m2) €Y.
Q

We shall consider F' as an operator acting from Ly(2) into Lo(Y"), with the
domain of definition

DF)={peC(Q):0<pl,p) <H VY0,¢)cQ}.

As an approximate operator F(p), we take F(p) with the true function
g(r1,r2) replaced by

5(7417 7’2) = g(rlv TQ) + (5&1(?”1, 7a2)7 (Tl, 7’2) €y, 0> 0, (4)

where |w(r1,72)| < 1, (r1,r72) € Y. In computational experiments, as
w(ry,r2) we take realizations of a random variable uniformly distributed on
the segment [—1, 1].

Let us discuss methods of Chapters 4 and 5 from the point of view of their
application to equation (2). Observe that the subset D(F’) of physically real-
izable functions p(0, ) is not open in Lo(£2). For this reason, the operator
F : Ly(Q2) — Lao(Y') doesn’t satisfy smoothness conditions required in Chap-
ter 4 and Sections 5.1-5.6. Therefore the methods of Chapter 4 and Sections
5.1-5.6 formally are not applicable to equation (2). On the other hand, the em-
bedding H*(Q2) C C(R2), s > 1yields that F’ possesses all necessary properties,
at least in a small neighborhood of the solution p* € D(F)N H?(S?), if we con-
sider F, e.g., in the pare of spaces (H?(2), L2(Y")) instead of (L2(Q2), L2(Y)).
At the same time, implementation of the methods in the case of X = H?(Q)
faces a nontrivial problem of numerical approximation of the conjugate operator
F"™(p) : Lo(Y) — H?(Q). Asopposite to the case X1 = L () where F'*(p)
is an integral operator, this F"*(p) can’t be written explicitly since evaluation of
an element F"*(p)u € H%(Q) by a given u € Lo(Y) requires a solution of an
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auxiliary integro—differential equation. Let us now analyze iterative methods
generated by Algorithm 5.2 of Section 5.7. Observe that the scheme of their
numerical implementation doesn’t depend on the space X1, provided M C Xj;
a choice of X affects only the constants from Theorems 5.18, 5.19, and 5.21.
Having this in mind, for solving (2) we shall use the iterative process (5.7.33)
derived within the framework of Algorithm 5.2.

Let M be the subspace of spherical functions

N m
My = {7‘(9, p) = Z Z A Y (0, 0) @ amn € R}, (5)

m=0n=—m

where
P! (cosf)cosng, n=0,1,...,m;

Y0, 0) = {

P,L?'(cos O)sin|n|lp, n=-m,...,—1

are spherical harmonics and {P”(A\)} (m = 0,1,...;n = 0,1,...,m) the
classical and associated Legendre functions. Namely,

PP\ = (1— AQ)"/Q%Pm(A), Ae[-1,1], n=0,1,...,m,

where P,,,(\) = PY ()) are the Legendre polynomials (5.1.35) ([103]).
Assume that the solution p*(6, ) of (2) allows for a good approximation by
the subspace M . Then in point 1) of Algorithm 5.2 we can simply set

£0,0) =0, (0,9) €.

Below we follow just this choice of £. Furthermore, if the approximation error
I[(E — Prm)p*llc(q) is sufficiently small then there exists ¢ > 0 such that
Q. (Ppmp*) N M C D(F) and the operator

Fpo: M — Lo(Y); Famolp) =F(p), peM

is Fréchet differentiable on Q. (Pprp*) N M. Direct calculations then prove
that for all p € Q.(Pyp*) N M we have

Frao(@ll(rs.r2) = [ W(o(0,).0,71.72)1(0, )b
Q
h="h0,0) €M, (ri,r)€cY,

where

0
U(p,0,p;7r1,12) = 8—p<1>(p, 6, p;r1,12) =
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Figure 6.1. Example 6.1: Y = (—4,4) x (—4,4), § = 0, method (5.7.33)

Figure 6.2. Example 6.1: Y = (—4,4) x (—4,4), § = 0.04, method (5.7.33)

p*(H — pcosf)siné
[(r1 — psin@cos )2 + (12 — psinfsin )2 + (H — pcos 0)2]3/2

Also, it is readily seen that condition (5.7.26) is satisfied if R = ¢ is small.
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Figure 6.3. Example 6.1: Y = (—4,4) x (—4,4), 6 = 0.08, method (5.7.33)

Figure 6.4. Example 6.2: Y = (0,4) x (0,4), § = 0, method (5.7.33)

Let us turn to results of computational experiments. We set H = 1.5 and
consider equation (2) with g(r1, 72) obtained by the exact solution

1 1
P (0,0) = §Sin9COSCP+ 5\/sin290082<p—|—3, 0,p) € Q.
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Figure 6.5. Example 6.2: Y = (0,4) x (0,4), § = 0.04, method (5.7.33)

Figure 6.6. Example 6.2: Y = (0,4) x (0,4), 6 = 0.08, method (5.7.33)

The function p = p*(, ) defines a sphere of radius 1 centered at (0.5, 0, —1.5).
As an initial approximation, we choose a sphere of radius 1.5 centered at the
point (0,0, —2). All computations are performed with the uniform grids 16 x 16
on  and 20 x 20 on the region of observation Y. For evaluation of the integral
(3) we use the Simpson rule with 5 knots.
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Example 6.1. In the first test, the process (5.7.33) is applied to equation
(2) with Y = (—4,4) x (—4,4) and 6 = 0. Parameters of the process are
as follows: v = 0.1 and M = M. By d,, = ||pn — p*| 1,(0) We denote a
discrepancy at n—th iteration. We obtain dg = 3.1459, d1p90 = 0.3095, and
dagp = 0.2316. Figure 6.1 presents the curves p = p*(6,0) (small circle in
bold), p = pp (0, 0) (large circle in bold), and p = pagp (@, 0) (thin line).

On Figures 6.2 and 6.3 we present the curves p = p*(6,0), po(6, ¢), and
p = p200(d, 0) obtained in the cases where 6 = 0.04 and 6 = 0.08 respectively.

Let us remark that the closeness of p2go(6, @) and p*(0,¢), 6 € [0, 7] is
also observed at another sections ¢ = @ € (0,7). Moreover, a position of
the surface p = pa0o (6, ) with respect to the solution p = p*(6, p) depends
weakly on realizations of the random variable w(rq, 72) in (4).

Example 6.2. In our second test, equation (2) is considered with the region
of observation Y = (0,4) x (0,4) so that in this experiment, the volume of
observational data is essentially narrowed. The question naturally arises how
will this affect the quality of approximations. Intuition suggests that reaching
the same approximation error as in Example 6.1 will require more computational
efforts. Parameters of the process (5.7.33) are chosen as follows: v = 0.2 and
M = Mas. In the case of § = 0 we have the discrepancy dggy = 1.2785,
which is distinctly greater as compared with the analogous value of Example
6.1. Continuing the iterative process, we obtain dsgg = 0.9890, d4go = 0.7723,
and dsgp = 0.6111. The last value is of the same order as dagp in Example
6.1. On Figures 6.4—6.6 we present results of 500 iterations in the cases where
0 =0,0 =0.04,and 6 = 0.08 respectively. As above, the figures give sections
of all surfaces by the plane ¢ = 0. A comparison with Figures 6.1-6.3 shows
that the iteration p500(6, ¢) is approximately of the same quality as p20o(6, )
in the previous test. Also, Figures 6.1-6.6 demonstrate that the process (5.7.33)
is stable with respect to small errors in input data.

6.2 Reconstruction of Separating Surface of Homogeneous
Media by Measurements of Gravitational Attraction
Force

Suppose the half-space R? is filled by two different homogeneous media of
known densities p(©) and p(!); the media are separated by an unknown surface.
The observable value is a vertical component of the gravitational force measured
on adomain Y C P = {(ry,r2,r3) : r3 = 0}. Let rs = z(ry,r2) be an
unknown actual separating surface and r3 = Z(r1, r2) a reference surface, for
which corresponding gravitational force on Y is a priori given; (r1,72) € R2.
For simplicity assume that z(r1,72) = Z(r1,72), (r1,m2) € R?\Y. Also,
suppose the units of measurements are chosen such that ~yq (,0(0) — p(l)) =1
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Let U(r) and U(r) be potentials of the actual and reference configuration of
gravitating masses respectively. Then measurements on Y give the difference
g(r1,r2) between actual and reference vertical components of the gravitational
attraction force:

0 0 —
,1r2) = —U ——U , ) ey.
9(ri;r2) ors (r) r3=0 Or3 () r3=0 (ri,72)
The inverse problem under consideration is to reconstruct the surface r3 =
z(r1,re) by the data {g(r1,r2) : (r1,72) € Y} ([102]). As in the previous
section, this problem is uniquely solvable. It is readily seen that the unknown
rg = z*(r1,ro) satisfies the following nonlinear integral equation:

1
/<\/(T’1 =) + (1 — 1) + 220, 15)

Y
1 (D
_ / : / — dr'y driy+
V(' —r)? =+ (rh —r2)? + 22 (rf, 1)
—|—g(7°1,7°2) =0, (T‘l,?“2> cyY.

Suppose the solution 73 = 2*(r1,72) to (1) is continuous on Y. Below
we restrict ourselves with the simplest case of rectangular observation region
Y = (a1,b1) X (ag,be2). Let us denote

1
F(z)(r1,r2) = /<\/(7J1 )2+ (rp—ra)? £ 22(F, 1)

Y

1 2

- ) dr’l dT/Q +

=7+ (1% — ) + 2 (rr)
—|—g(r1,r2), (7‘1,7’2) ey.

We consider F as an operator acting from Lo (Y") into Ly (Y'), with the domain
of definition

D(F)={z€C(Y): z(r;,m2) <0 V(ry,m) €Y}

Having in mind the remarks on methods of Chapters 4 and 5 made in Section
6.1, we apply to (1) iterative processes of Section 5.7, namely, the gradient
process (5.7.33) and methods of parametric approximations (4.1.38), (4.1.39),
and (4.1.41) (in the way outlined at the end of Section 5.7).

Let us define the subspaces

N
Mgf,) = {z(m,m) = Z A Tm (11)1n(r2) © Gmn € R}

m,n=0
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= 3 b (o (e )

where
. 2m(r; — a4 27 (r; — a;
no(ri) =1, ni(r;) = sin 76(1 Z_ o Z), n2(ri) = cos 719(2 ’_ m ’),
o dr(r; — ay 47 (r; — a; .
773(”):3111%, 774(?%):008ﬁ,...; 1=1,2

and {P,(\)} (n =0,1,...) are the Legendre polynomials (5.1.35).
Suppose the projection Ppz* provides a good approximation to z* in the
sense that the norm ||(E — Ppg)z* HC(Y) is small; then as above we can set

§(r1,m2) =0, (r1,m) €Y.

Furthermore, there exists &€ > 0 such that Q.(Pyz*) N M C D(F). It can
easily be checked that the operator

Fapmo: M — La(Y); Fampo(z) =F(2), zeM

is Fréchet differentiable on Q2 (Prqz*) N M, and the derivative F), , has the
form

1y h(rh, rh)dr drt
F hl(r1, :_/ z(ry, rg)h(r, r5)dridr) ;
oG == | o = ralt + 20 P
h = h(?“l,’l"z) S M, (7‘1,’!“2) cY.

Besides, if R = ¢ is sufficiently small, then the Lipschitz condition (5.7.26) is
satisfied . Now define a noisy operator F(z) by (2) with the function g(r1,73)
replaced by expression (1.4).

Let us turn to results of computational experiments. All tests are performed
with the uniform grid 20 x 20 on Y. We set £(rq,72) = 0, (r1,72) € Y. In
the first series of tests (Examples 6.3 and 6.4), equation (1) is solved by the
iterative method (5.7.33). The separating surface to be reconstructed is given
by the formula

rg = 2"(r1,r2) = —4 + 2.5|8in0.7r1 cos 0.7r3|,  (r1,7m2) €Y
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Figure 6.7. Example 6.3: Y = (—4,4) x (—4,4), § = 0, method (5.7.33), M = M}
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Figure 6.8. Example 6.3: Y = (—4,4) x (—4,4), § = 0.5, method (5.7.33), M = M\
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Figure 6.9. Example 6.4: Y = (—2,6) x (—4,4), § = 0, method (5.7.33), M = M}

"
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Figure 6.10. Example 6.4: Y = (—2,6) x (—4,4), § = 0.5, method (5.7.33), M = MEP
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Figure 6.11. Example 6.4: Y = (—2,6) x (—4,4), § = 0, method (5.7.33), M = M

the reference surface is Z(r1,72) = —6, (r1,72) € R2.

Example 6.3. In the first experiment, the process (5.7.33) with M = Mflt)
and v = 0.25 is applied to equation (1) in which Y = (—4,4) x (—4,4) and
0 = 0. The initial approximation is zo(r1,72) = —6. Let us denote d,, =
|20 — 2"l £o(v)- We have do = 24.9012, d1gp = 4.8799, and d500 = 3.0799.
Figure 6.7 presents the curves r3 = z*(r1,0) (thin line) and r3 = z509(71,0)
(bold line). At the top of Figure 6.7, the curve 3 = |g(r1,0)| is shown. A
result obtained after 500 iterations in the case of 6 = 0.5 is given on Figure 6.8.
Points at the top part of Figure 6.8 mark the perturbed values |g(r1, 0)].

Example 6.4. The process (5.7.33) is applied to equation (1) with Y =
(—=2,6) x (—4,4)and 6 = 0. As above, M = Mflt) and the stepsize v = 0.25.
The initial approximation is chosen as follows: zo(r1,72) = —2. We have
do = 10.4129, d1gp = 4.1037, and dspp = 3.1485. On Figure 6.9 we present
the curves 73 = z*(r1,0) and 73 = z500(r1,0). A result of 500 iterations with
the same parameters and the error level § = 0.5 is shown on Figure 6.10.

Results for the same parameters with M = Mg)
and 6 = 0.5 are presented on Figures 6.11 and 6.12.

in the cases where § = 0
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Figure 6.12. Example 6.4: Y = (—2,6) x (—4,4), § = 0.5, method (5.7.33), M = M

In the second series of tests (Examples 6.5-6.7), for solving equation (1)
we use methods from Examples 4.1, 4.2, and 4.4. The methods are applied to
equation (5.7.37) constructed by the original operator F(w) = F(Z + w) and
two orthoprojectors Pug, Q € L(L2(Y)). Let Py = @ be the orthoprojector

from Lo(Y') onto M = /\/lgf,), where

N
M(t) = {w(rl,rg) = Z CrnnMm(71)Mn(72) * Cmn € R}?

m,n=1

ws(ri — a;)

ns(r;) = sin . i=1,2, s=1,2,....

bi — Q4
WeputY = (1,2) x (1,2) and Z(ry,r2) = —1.5, (r1,72) € Y. The surface to
be reconstructed is defined as follows: z*(ry,72) = Z(r1,12) + w* (21, 22),

A(’I“l — 61)(51 — 7“1)(7"2 — 52)(52 — ?”2), (7“1, 7’2) €Y,

w*(21,29) =
(21, 22) {0, (r1,72) € Y\Yi;

Y1 = (@1,b1) x (@2,b2) CY, A>0.

The initial approximation is wg(r1,72) = 0, (r1,72) € Y.
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Figure 6.13. Example 6.5: Y = (1,2) x (1,2), = 0, method (4.1.38)
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Figure 6.14. Example 6.5: Y = (1,2) x (1,2), = 0, method (4.1.38)
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Figure 6.15. Example 6.5: Y = (1,2) x (1,2), § = 0.05, method (4.1.38)
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Figure 6.16. Example 6.5: Y = (1,2) x (1,2), 6 = 0.05, method (4.1.38)
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Figure 6.17. Example 6.6: Y = (1,2) x (1,2), = 0, method (4.1.39)
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Figure 6.18. Example 6.6: Y = (1,2) x (1,2), = 0, method (4.1.39)
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Figure 6.19. Example 6.6: Y = (1,2) x (1,2), § = 0.05, method (4.1.39)
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Figure 6.20. Example 6.6: Y = (1,2) x (1,2), d = 0.05, method (4.1.39)
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Figure 6.21. Example 6.7: Y = (1,2) x (1,2), = 0, method (4.1.41)

Example 6.5. Let Y7 = (1.2,1.7) x (1.3,1.9) and 6 = 0. The pro-
cess (4.1.38) is applied to equation (1) with the solution z*(r1,r2) such that
max(,, r,)ey 2°(r1,72) = —0.5. Recall that this process is based on Tikhonov’s

regularization of a linearized equation at each iteration. Setting M = M :(f)

and o, = 0.001n7°2,n =1,2,..., we get dy = 0.2922 and d1g = 0.0912.
On Figures 6.13 and 6.14 we present the curves r3 = z10(1.5,72) (thin line),
rs = 2*(1.5,r2) (bold line) and r3 = z10(r1, 1.5), 73 = 2z*(r1,1.5). A result
obtained after 10 iterations with § = 0.05 is shown on Figures 6.15 and 6.16.

Example 6.6. We apply to (1) the process (4.1.39) with N = 3. Here
a linearized equation is regularized by the iterated Tikhonov’s method. All
input data are the same as in Example 6.5. On Figures 6.17 and 6.18 we
present the curves r3 = z10(1.5,72), 73 = 2*(1.5,72) and r3 = z10(r1, 1.5),
r3 = z*(r1, 1.5) obtained after 10 iterations with & = 0. A result of 10 iterations
in the case of § = 0.05 is given on Figures 6.19 and 6.20.
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Figure 6.22. Example 6.7: Y = (1,2) x (1,2), § = 0, method (4.1.41)

Example 6.7. We use the process (4.1.41) with o = 1.4. At each iteration,
a linearized equation is regularized by the explicit iterative method. Setting
Yi = (1.2,1.9) x (1,2) and § = 0, we get dg = 0.4462, d1gp = 0.1376,
and dopg = 0.1419. On Figures 6.21 and 6.22 we present the curves r3 =
2900(1.5,72) (thin line), 3 = z*(1.5,72) (bold line) and r3 = z909(r1, 1.5),
rg = 2*(r1, 1.5). A result of 200 iterations in the case of § = 0.05 is shown on
Figures 6.23 and 6.24.

6.3 Acoustic Inverse Medium Problem

This section is concerned with a numerical analysis of an inverse scattering
problem. The problem is to determine a refractive index of an inhomogeneous
medium, from measurements of far field patterns of scattered time—harmonic
acoustic waves.

Assume that a 3D homogeneous medium contains a penetrable inhomoge-
neous inclusion localized within a bounded domain R C R?. Acoustic prop-
erties of the medium at a point 7 € R are characterized by the sound speed
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Figure 6.23. Example 6.7: Y = (1,2) x (1,2), 6 = 0.05, method (4.1.41)

¢(r). Suppose
c(r) =co, re€RR,
where ¢y > 0 is a given value. Then the acoustic medium can be completely
characterized by the refractive index
&0

TZ(’I") = CZ—(T)’

Denote a(r) = 1 — n(r) and suppose that a € H*(R3) with some s > 3/2.
We obviously have a(r) = 0 forr € R3\ R, and a € H*(R).

The scattering of an incident time—harmonic plane wave with the complex
amplitude u;, (r) = exp(ikod - ) and the wavenumber ko = w/cy is governed
by the equations

Au(r) + kgn(ru(r) =0, u(r) = un(r) + us(r), reR> (1)

and the Sommerfeld radiation condition

8%? — ikgus(r) = 0(%), p=|r| — . (2)

r € R.
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Figure 6.24. Example 6.7: Y = (1,2) x (1,2), § = 0.05, method (4.1.41)

By u - v we denote the Euclidean scalar product of vectors u,v € R?; w is
a frequency and d € S? = {r € R3 : |r| = 1} a direction of moving of
the incident wave; us(r) is the complex amplitude of a scattered wave field.
Throughout this section, the frequency w is fixed while the direction d may vary
within the sphere S?. The Sommerfeld condition guarantees that the scattered
wave Us(r,t) = Re(us(r) exp(—iwt)) is outgoing.

For the scattered field we have the following asymptotic representation ([30,
p-222)]):

etkop 1

uslr) = = {uoo(f,d)+0<;>}, = p=|r|—>oc0. (3)

7]

The factor us (7, d) : S2 — Cin (3) is called the far field pattern or the scatter-
ing amplitude of u4(r); the unit vector 7 indicates the direction of observation.

In the direct medium scattering problem, the refractive index n = n(r),r €
R and the direction d € S? of incoming wave are given and the scattered wave
field us(r) in a bounded region of observation, or the scattering amplitudes
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Uoo (-, d) are to be found ([30]). It is well known ([30, Ch.8]) that this problem
has a unique solution.

The inverse medium acoustic scattering problem is to determine the refractive
index n(r),r € R or, equivalently, the function a(r),r € R given the scattering
amplitudes {ux (7, d) : 7 € S?,d € S?}. It can be shown [30, p.278] that the
inverse acoustic problem in this setting has a unique solution. In other words,
the refractive index n(r) is uniquely determined by a knowledge of the far field
patterns s (7, d), (7,d) € S? x S2.

a1}

0.5+

Figure 6.25. Example 6.8: § = 0, method (5.7.22)

Recall that the direct scattering problem (1)—(2) is equivalent to the Lippmann—
Schwinger integral equation [30, p.216]

u(r) — kg/F(r, a(ru(r)dr' = uin(r), 7€ R, (4)
R
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Figure 6.26. Example 6.8: § = 0.01, method (5.7.22)

where I'(r,7’) is the Green function (3.3.6). Let us denote v(r) = a(r)u(r).
By (4) it follows that

v(r) — kia(r) /F(r, o(r')dr’ = a(r)up,(r), € R. (5)
R

With the use of notation

(Vo) (r) = k;g/l“(r, Mo(r')dr', reR,
R

we can rewrite (5) as
(E —aV)v = augy,.

Here a denotes the operator of multiplication by a(r). It is easy to see that if
v(r) solves equation (5), then the function u(r) = w;, () + (Vv)(r) satisfies
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Figure 6.27. Example 6.8: § = 0.01, method (5.7.22)
(1) and (2). Since by (4),

us(r) = k3 /F(r, a(ru(r)dr', reR3,
R
for the scattering amplitude u (7, d) we have the representation [30, p.223]
ko
47

Uoo (7, d) = (Wo)(#,d), (7,d) e S?x 52, (6)

where
(W), d) = / e om y( Ny, (7 d) € S x S,
R
Notice that . (7, d) is an analytic function of (7, d) € S? x S2.
Combining (5) and (6), we get the following nonlinear equation for the
function a = a(r),r € R:

L

47TW(E —aV) Haum) (7, d) = uso(7,d), (7,d) € §*x 5% (7)
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a(r)

0.5+

Figure 6.28. Example 6.8: § = 0.01, method (5.7.22)

It is well known [30, Ch.10; 62] that the problem (7) is irregular and ill-posed
for each reasonable choice of the solution space and the space of input data.

Below we apply to (7) the iterative methods (5.7.22) and (5.7.24). Let us
define the operator F' : H*(R) — L(S? x S?) as follows:

2
F(a)(f,d) = Z—;)TW(E —aV) Yau)(7,d) + uso(7,d), a€ H*(R),

(#,d) € §? x S%

The inverse problem now takes the form F'(a) = 0.

Let a*(7) be a solution of (7) and n*(r) = 1 — a*(r) the unknown refractive
index. According to [62], the operator F'(a*) : H*(R) — Ly(S% x S?)
is injective. Therefore Condition 5.8 is satisfied for each finite—dimensional
subspace M C H*(R). Assume that

R = (a1, B1) % (a2, B2) % (a3, 33)
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Figure 6.29. Example 6.9: § = 0, method (5.7.24)

and put M = My, where

N
My = {G(T) = Z Clmn M (T1)0m (12)0n(73) * Clmn € R};

I,m,n=1

mws(ri — ;)

Bi —oi
If the unknown solution ¢* allows for a good approximation by the subspace
My, then in (5.7.22) and (5.7.24) we can set £ = 0.

Suppose instead of the true amplitudes uo (7, d) some approximations tn (7, d),
(7,d) € S? x S? are available. Let us define the approximate operator

ns(ri) = sin i=1,3, s=1,2,....

F: H*(R) — Ly(S? x §?),
~ @)

2
Fla) (7, d) :%TW(E — aV) "M auin) (7, d) + tiso (7, d).
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Figure 6.30. Example 6.9: § = 0.01, method (5.7.24)

As in [62], it can easily be shown that if |[(E — Purg)a”||gs(p) is sufficiently

small, then the operators F' and F' are Fréchet differentiable with Lipschitz
continuous derivatives on a neighborhood Q. (Pya*) N M, € > 0.
Setting

N

a(r) = Clmn(r1)nm(r2)m(rs),

I,mn=1
we rewrite (5.7.3) as the finite—dimensional optimization problem

mim3 v(e), c= (CZmn)z]Ym,n:h
ceRN
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Figure 6.31.  Example 6.9: § = 0.01, method (5.7.24)

where
1 N ?
ble) =35 F( > sznﬁl(ﬁ)??m(7"2)77n(7“3)> =
I,mn=1 Lo(8%2x52)
-1
_! k—gW E - i c \%4
~ 9 A Imn N mn 9
52 §2 I,mn=1
N 2
' (( Z Clmnﬁlﬁm”n) Um) (fa d) + ac>o(fa d) dsydsa;
l,mn=1

s1=s1(7), s2=s2(d); #,deS>

Partial derivatives of {/;(c) can be evaluated, e.g., by the finite—difference
scheme

() _ Ble+he™) —9(e) iy _ , omn
Dtmn h el ):(ez('jk ))z]‘,vj,k:ﬁ (10)




254 Applications of Iterative Methods
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Figure 6.32. Example 6.9: § = 0.01, method (5.7.24)

6(lmn) _ 0, (ivjv k) 7& (l>m7n)7
ek Lo (6,4,k) = (I,m;n).

In our tests, the scheme (10) is used with » = 1073. An implementation
of iterations (5.7.22) and (5.7.24) requires a multiple solution of the direct
scattering problem (5). We solve equation (5) by the simple iteration process

() =0, o"T(r)=0"(r)—

—/\{v"(r) + k2a(r) /I‘(r, o™ (r)dr’ — a(r)um(r)}, r € R. (D

R

In our computational experiments, the function
o(r) = [(B = aV)Mau)| (1), reR

is approximated by 8 iterations (11) with the stepsize A = 0.5.
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We consider a model inverse scattering problem with the solution n*(r) =
1 —a*(r), where

a*(r) = 2- 10—6(47,1 - T%)3(4r2 - T§)3(47‘3 - 7,%)3’ r € Ry,
B 07 re R \ RO.

Here Ry = (0,4) x (0,4) x (0,4) is a domain actually containing the inhomo-
geneity and R = (0,6) x (0, 6) x (0, 6) a given domain where the inhomogeneity
a priori lies. We set kg = 1. The direction of observation #* = () and direction
of an incident wave d = d\Y) range over the set of 14 directions

Z—{(OOil) (0,41,0), (+1,0,0) <j: Lot >}

) ) ) ) ) 9 9 9y ) \/g’ \/g’ \/§
"uniformly" distributed over the sphere S2. The integration over S? x S? in
(9) is performed by the rule

2 m
//f(f,d)dsldSQ R <%> Z JIGRN A2
52 52

,5=1

withm = 14 and {0} = {d(j)}}”:1 = X. For the integration over R in (6)
and (11), we use the Gaussian cubature rule with 8 knots by each coordinate.
We put £(r) = 0,r € R; the initial approximation is given by

ap(r) =0, re€R.

Perturbations of {u (7, d( ))}%:1 are modelled by additive random terms
so that in (8) and (9) we use the noisy data

Uoo (P, dD) = uoo (7D, dD)) + 6w 1 <45 <m; §>0,

where w(¥) are realizations of a random variable uniformly distributed on
[—1,1]. N
Letus turn to results of numerical tests. We denote d,, = || F'(an) || £, (52 x 2)-

Example 6.8. In the first experiment, 160 iterations of the gradient process
(5.7.22) are performed with the following values of parameters: v = 2, M =
M, 6 = 0. Figure 6.25 presents the true index a*(r1, 2, 2) (bold line) and the
reconstructed index ai60(r1,2,2), 1 € [0, 6] (thin line). The initial and final
discrepancies are dy = 0.19 and d169 = 0.04.

Figures 6.26-6.28 present results of 160 iterations of the same process with
the maximal level of noise 6 = 0.01. The original and reconstructed func-
tions a*(r1,2,2), aieo(r1,2,2),m € [0,6] are shown on Figure 6.26; Fig-
ures 6.27 and 6.28 present the exact and reconstructed functions a*(2, r2, 2),
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ai60(2,72,2),m2 € [0,6] and a*(2,2,r3), aieo(2,2,73),r3 € [0,6]. In this
case we have dy = 0.22 and dyg9 = 0.11.

Example 6.9. In the second test we use the conjugate gradient method
(5.7.24) with M = Ms. First, 40 iterations of the method are performed
with 6 = 0. We obtain dy9 = 0.04. On Figure 6.29 the exact function
a*(r1,2,2) and the reconstructed function a4o(r1,2,2),r1 € [0, 6] are shown.
Then, 40 iterations of the same process are performed with § = 0.01. We
obtain dy = 0.21 and dgq9 = 0.11. Figures 6.30—6.32 present the true solution
and reconstructed functions a*(r1,2,2), as0(r1,2,2),1 € [0,6]; a*(2,r2,2),
aq(2,72,2),1m2 € [0,6], and a*(2,2,73), as0(2,2,73),r3 € [0, 6] obtained in
the case of noisy data.

Figures 6.25-6.32 demonstrate that methods (5.7.22) and (5.7.24) give qual-
itatively good approximations of the true refractive index.

6.4 Inverse Acoustic Obstacle Scattering. Far Field
Observation

Let us turn to inverse scattering problems in the case where an unknown scat-
terer is impenetrable for acoustic waves. Imagine a homogeneous 3D acoustic
medium characterized by a constant sound speed ¢y and let D C R3 be a
bounded impenetrable domain. Suppose the boundary 9D of the obstacle D
is of class C2. As in Section 6.3, assume that the incident acoustic field is a
time—harmonic plane wave with the complex amplitude u;, (r) = exp(ikod-71),
where kg = w/cpand d € S 2. Then the scattering of the incident wave on D
is governed by equations

Au(r) + kgu(r) =0, u(r)=up(r)+usr), reR\D (1)

and the Sommerfeld radiation condition (3.2). Here us(r) is the complex am-
plitude of a scattered wave. Throughout this section, the frequency w of the
incoming wave u;,, (1) is fixed, so is the direction d. The equations (1) and (3.2)
should be accomplished by a boundary condition on 9D in accordance with
available information on physical properties of the scatterer D. In this section
we consider the Dirichlet boundary condition

u(r) =0, reaD, (2)

which corresponds to so called sound-soft obstacles, and the impedance con-
dition
ou(r)

=, TiAr)u(r) =0, reaD. (3)
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